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1 Einstein’s Principles of Relativity

1. The laws of physics are the "same” in all reference frames.

2. The speed of light in a vacuum is equal to ¢ in all reference frames.

2 Galilean Transformations

Consider the system of two observers, A and B, undergoing relative motion (say in A’s
reference frame he is standing still and B is moving away from him, but B could make
the equivalent statement that she is still and A is moving away with the same velocity in
the opposite direction) and observing the positions of an object over time. Both of them
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tabulate a sequence of positions 74(t;) and rg(t;), for which we can set up a relation by
vector addition:

TA=TB/A+TB

We differentiate this twice,

ajy =agya+dp

We now make the observation that for Newton’s laws to work correctly in both A’s
reference frame and B’s, their relative acceleration must be zero. We can use F' = ma by
multiplying both sides of the above relation by m, the mass of the object, but this gives
different values for the force on the object, which is clearly independent of the observer.
This apparent discrepancy is resolved if we recognise that Newton’s laws only work correctly
in inertial reference frames, i.e. we have to set agy4a = 0. Relative velocity, not relative
acceleration, can exist between A and B.

We take the specific case in which B is moving only along the z—axis. We can do this
without loss of generality, since in a specific case it is easy to set the coordinate system so
that relative motion of the observers is only along the r—axis. Then, we can convert the
observations from one frame to those of the other using the following:



ta=1p
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We can take the time derivative,

Uyp = Uyy

Vg = VUzy

where v is the relative velocity between A and B.
Suppose the observed object is a beam of light, which has a known speed v = ¢. Then,
from the above relations, we get

Vg, =Cp+V

Ugpy = CA— U

This seems to violate Einstein’s second principle of relativity, that the speed of light
should be a constant. Maxwell’s equations suggest that the speed of light, or that of any
electromagnetic wave, is dependent on certain natural constants:
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This suggests that something needs to be corrected in either Newton’s theory that ve-
locities and positions can be linearly compared from reference frames as a consequence of
F' = ma, or Maxwell’s theory that the speed of light is invariant and dependent on natural
constants.

Nor is this a problem that can be resolved with a specific choice of reference frame. In
any real-world system, relative motion will exist due to the motion of the Earth, galaxies,
galactic clusters, etc. and this can often happen at speeds that make this effect significant.
The theory of special relativity is aimed at resolving this apparent contradiction.
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3 'Trains get struck by lightning twice all the time

Consider a train in motion with velocity @ = vz, and length L. Observer A is located outside
the train at z = 0, and Observer B is located inside the train also at z = 0. At t = 0, the
train is struck by lightning twice: at x = % and at x = —%.

From A’s frame of reference, the light ray from the front travels a distance é in a time
tr, which we can calculate easily:

L
xa(t) = oo ct

(b)) =0 — 2oty — 4= 2
TA\lF) = 5 = cp F=5
And similarly for the light ray from the back,

0 L+t = L
= —— C =
2 B B~ 9

Therefore, we can define the time difference between these two observations,

At=tp—tg=0

i.e. simultaneity is preserved for A.

In order to convert between A’s measurements and B’s, while still preserving the con-
dition that ¢ must be constant, we introduce an unknown even function y(v), so that the
transformation between reference frames becomes

xa=y)(zp + vip)

In general, for v << ¢, v — 1. We can do this in reverse,

vp =7(v)(za —vt)

Therefore, we can substitute this into the expression for x4,

x4 =) (y(v)(ra —vts) + vip)

R ’yzxA + yvty = yutp
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4 Finding v (Pixar, 2003) and the Lorentz Transfor-
mation

In order to find 7, we use the property that c is constant in all reference frames. Therefore,
for a light wave moving outwards,

rqA = CtA
4+ Y5+ 25 =P
and
T+ yp + 2p =ty
As we are taking (without loss of generality) motion only in the z—direction,
2 2 2 42
vy — v = c(ty — 1)

Then, we use the transformation formula,

xi — 72(5614 — vt)2 = 62<t124 — 72(tA —

7% — V(2 — 2uzats +07) = 2 <t?4 — Yt —
We can then compare coefficients of t3:

= 1= )8,

Now that we have found ~, we substitute this into the previously-obtained time relation
to get:
VTR VT A
ta=(ts+ 7). tn=7(ta —=5")

This is called a Lorentz transformation.



5 Applying Lorentz Transformations

We are now in a position to analyse what B sees in the train-lightning example.
From the front,

(F) <L
9

F v L
5 =(0- 33)

and from the back,

6 Length Contraction

Our Newtonian conception of length as being invariant (absent any external forces on it that
might stretch or compress the object) is only valid when simultaneity holds true, i.e. lengths
are measured simultaneously in the frame doing the measuring. For relativistic velocities,
this no longer holds true, and we have to apply the Lorentz transformation.

Say the two ends of the object are defined by positions xp, and zp, as measured in frame
B, which, relative to frame A, is moving at a velocity v. Then,

T, = V(xAl - Utz‘h)a By, = 7(13,42 — UtAz)

Therefore

LP =TBy, — B = PY(Q:AQ —TA — U(tAz - Z5141)
where L, = vp, — xp, refers to the proper length as measured in a frame in which there
is no relative motion. When we apply the condition for simultaneity, that t4, = t4,, this
reduces to
Ly
v
where L = x4, — x4, is the contracted length as measured in the relatively moving frame.
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7 Time Dilation

Consider, as before, two frames of reference A and B, in which B’s frame is moving away
from A’s with a velocity v. B then throws a ball upward and catches it after some time. We
characterise positions in time as (¢, z); then,



When B throws the ball: (tg,,25,)

When B catches the ball again: (tg,,zp,)

No net displacement has occurred in B’s frame of reference, over a time interval Atg =
tp, —tp,.

Now, we apply the Lorentz transformation and analyse this situation in A’s frame of
reference:

VT B
tAl = 7(7531 + 2 1)

VX B
la, = 7<t32 + 2 2)

v
L. AtA - '7(th - tBl + C_Z(xBQ - xBl))

v
= "y(AtB + C—2A$B)

Because there is no net displacement in B’s frame of reference, we have the time dilation
factor

AtA = ’)/AtB

8 Representing 4D Space

We can represent a point in four-dimensional space uniquely with four coordinates (x, y, z,
t), but this has a unit mismatch. Therefore we instead use ct as a coordinate, and shift its
position in the set, to obtain

(ct,z,y,2)

We can then change known equations into this form, and we see some simplification:

v v
cta=(ctp + ExB), ra="7(rp+ E(tBC))

v v
ctp = y(cta — EZEA), xp =7v(rs — E(tAc))

We can introduce the parameter 3 := Z to simplify this further.

9 Spacetime Diagrams and Light Cones

If we first define an event as a specific combination of the regular three-dimensional position
vector and an instant in time, i.e. a unique set of coordinates (ct,x,y,z), then we can
represent an event on a plot of ¢t against x (or against any other spatial coordinate - we
restrict it to x for simplicity). This is referred to as a spacetime diagram.



For instance, consider a setup that involves three people, A, B and C. We set B at the
origin, with A at z = —d and C at © = +d. A has a ball that he throws to B at u; = § and
which B then throws to C at uy = %C The presence of the ball at a point in space at each
time in this interval is an event that shows up on the spacetime diagrams. The positions
of A, B, and C are also events, but ones that never move in space, i.e. they are constant
relative to the ct axis.
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The slope of the spacetime diagram involving the motion of a particular object is the
inverse of its 8 parameter, or <.

Light is therefore characterised by a slope of 1 on the spacetime diagram (v = ¢). Since
nothing can go faster than light, we can use this to define a section of the diagram within
which events can affect one another. This region is referred to as the light cone, and its edges
are defined by the lines ¢t = x and ¢t = —ux.



For every point within the light cone shown, centered at (0,0,0,0) which is B’s position
at ¢t = 0, B can have some causal effect on an event in that region. If it is in the forward
light cone, i.e. ¢t > 0, then B can affect or cause an event within the cone. If it is in
the backward light cone, i.e. ¢t < 0, then B can be affected by an event within the cone.
Therefore the light cone constitutes what is called a causally connected space.

For points lying outside the area defined by the light cone, there can be no causal con-
nection to the light cone’s center at that particular moment in time and space. For example,
consider C at ¢t = 0. It lies outside the light cone of B, therefore it cannot have a causal
connection to B. If C decides to do something, such as shine a laser at B, there will be a delay.
Until B’s position in space comes into C’s light cone, or vice versa, B cannot experience any
effect from C’s actions at ¢ = 0. Put another way, B cannot know what C is doing at t = 0.

10 The Spacetime Interval As

When translating between reference frames, we would like to be able to define a quantity
analogous to length in 3D space that is invariant between reference frames. This turns out
to be the spacetime interval defined as follows:

As? = (Az)? + (Ay)? + (A2)? — (cAt)?
We can prove that this is invariant under a Lorentz transformation.
Proof.
As? = (Az)? + (Aya)? + (Aza)? — (cAty)?

=V (Azp + BeAtp)? + (Ayp)® + (Azp)? — 2 (cAtp + BAzp)?



=2 ((AxB)2+250A$BAtB+62(cAtB)2> —? <(cAtB)2+250A:BBAtB+(BAQJB)Q> +(Ayp)*+(Azp)?

At this point we can group terms,
= (v* = 8*9%)(Azp)* = 7*(1 — §%)(cAtp) + (Ayp)* + (Azp)°

We can simplify the coefficients:
1 v? o1 c? v
2 2.2y _ _ _
(’Y _ﬁ,}/)_ —Z—i_g —Z—E_CQ—/UQ_C2—'U2_1
1 v? c? —v?
2 2\ _ _ _
(=5 = _Z_j.<_§)_02 v? !

Therefore, the expression simplifies to
AS2 = (AlL‘B)2 + (AyB)Q + (AZB)2 — (CAtB)2
O

The spacetime interval allows us to characterise three different kinds of separation be-

tween events, depending on their relative causality.

Case 1: As®> >0
From the definition of As, this suggests that
(AF )2 S 2
— c
At
This implies that the events cannot be causally connected (the signal required for causal-
ity would have to travel faster than light), or that there is a spacelike interval between the

two events.

Case 2: As? <0
At

AT 2
( ) <c?
This implies that the events can have a causal connection; there is a timelike interval

between them.
Case 3: As? =0
AT\ 2
(30) =
At

This is lightlike separation an edge case of timelike separation, in which a causal connec-
tion is possible but only if the signal is light, or travels at exactly the speed of light.

Because the type of separation is characterised by the spacetime interval, it is indepen-
dent of the reference frame. If two events are timelike/spacelike/lightlike separated in one

reference frame, then that is the case in all reference frames.
9



11 Velocity Transformations

We define the velocity of an object in a reference frame A in a certain direction simply as
follows:

A{L‘A
At 4

and similarly for y and z, only replacing the coordinates. This allows us to obtain a
relation between velocities in the same directions in different reference frames:

w — lim ’V(AIB+BCAtB>/AtB
A0 atas0 I(cAtg + fATR) /Al g

We get this by applying the Lorentz transformation on both Az, and At 4, and dividing
the numerator and denominator by Atg. We can simplify this to

Up, = limAtA — 0

up, +fc _ up, +v
vup
(32

= 1m =
Atp=0 1+ Zup, 14

UAI

x

We can set up similar relations for the other spatial dimensions, with the exception that
the fc term will not make an appearance (we are taking the case in which the frames are
only moving away from one another in the z—direction). These relations in reverse become:

. Up, — U
up, = 1 — YAy
o2
u A
B, — VUA
! (1 — Czy)
qu

UB, = —7vua.y
(1= =5%)

We note that the first relation, for the case v << ¢, reduces to up, = w4, — v, which is
exactly what we would expect from Newtonian physics.

This causes an apparent incongruity with how positions change. wup is not a linear
function of w4, like the spatial coordinates are. We would prefer a setup in which this
property is preserved.

12 Arc Length Characterisation

It is possible to characterise the motion of a particle in multiple ways. For regular motion
in two or three dimensions, this is often restricted to parameterising equations of motion in
time, as follows:
L s
z(t) = vogt, 2(t) = vo.t — 5975
However, this can also be expressed in terms of one of the spatial coordinates:

10



Vos 1 ga?

2(x) =

This is the difference between specifying a position in terms of the coordinates (z(t), z(¢))
and (z, z(z)). We can characterise motion in a third way: by the distance that the particle
has travelled along its path s, with coordinates (z(s), z(s)).

We can apply this to motion in four dimensions, to characterise the path without pre-
ferring one coordinate over another. The incongruity associated with the non-linearity of
up relative to uy can be resolved by using this characterisation of the path, rather than
characterising by the parameter ct.

2
Vox 2 05,

N2
We define as the characterising coordinate A7? = —AC—§2 = At? - % , the ratio of the

proper time to the distance travelled. This is also independent of the frame of reference.
We can define a four-velocity v = (w, u;, u,, u,) in which the individual components
in a particular frame of reference are defined as

u= lim —
AT=0 AT

where R is also a four-vector with the components (ct, 7) in which 7 can be split further.
We can define this four-velocity in two different frames of reference A and B, and carry
out a Lorentz transformation using this characterisation:

_ cAt Y Yo(cAtp + SAxR)
A= B0 AT T arso AT

= Y(cup, + Bug,)

Therefore the transformation with this characterisation is linear.

AIA m VU(AIEB + ﬁCAtB)
AT—=0 AT AT—0 AT

Instead of carrying out a Lorentz transformation, we can simplify the above expression
as follows:

= Y(up, + Bup,)

. Az . Ax
uyg, = lim — = lim
z AT—0 AT AT—0 \/(At)Q (AF>2
— lim Ax /At

At—0 2\ 2
1—(Z) L
At ) c2
u Ay

iz

where v, is the relative velocity between the two reference frames. We have an inconsis-
tency in notation here, as uy4, is being used to denote either the component of the 3-velocity
or the 4-velocity. Therefore we set the notation for the 4-velocity as

11



u= (dta UNxa lzy7 UNZ)

Then, we can simplify the above relation to

13 4-momentum

We can define a 4-momentum from the definition of the 4-velocity:

E
P =mu= (—,ﬁ) = m(vc,vﬁ)
c

Therefore we can define the energy and momentum of a relativistic particle,

E =myc?, p=myu

in which m is the rest mass, which does not imply that m~y should be called the mouving
mass because a particle does not gain mass as it moves.

We use the relation defining the invariant quantity (analogous to length) of the 4-velocity
covered in the definition of the spacetime interval:

. EN2
p2— P2 _ (?) — 2@ — mP2E = mP (E _ 1>

In a rest frame, this reduces to

which we can rearrange to get
E? = (pe)* + m*c*
When 4 = 0 (set a frame in which 7 = 0), this reduces further to

E =mc

14 Energy and Momentum Transformations

Because of the arc-length characterisation, we can transform energy and momentum just like
positions:

E i)
Ba (B ypmy) = B o,
& C C

E
Pa, = (PBQC +57B> — P, =7 (PAx - p—
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This suggests that energy is not invariant between reference frames, which has strange
implications for how basic laws of mechanics work relativistically.

15 Developing Relativistic Mechanics

We expect that Newton’s second law ) F = ma should still be valid, but we cannot use
this without a rigorous definition of relativistic acceleration. Therefore we use the definition
SF = %. Then, the work over a path characterised by position vectors a and b is:

W:/ab r—/dpd
:/d—pdt/dp/ (i - ) — dup)
/mudu

b udu u?
ul —m [ —— = (mfyz?2+mc2 1——2>
c

a

= ymc

a

Therefore the work done is path-independent, and the answer suggests the form of the
work-energy theorem W = AK. This in turn suggests that we should define K = ymc?,
which we shift by —mc? so that when a relativistic body is at rest it does not have a positive

KE.
K =mc*(y—1)

which suggests £ = K + mc?.
We can confirm this by taking v << ¢:

whereupon we use a Taylor approximation (1 4 z)? ~ 1 4 pz, which suggests

1/2 1w
(1-Ey g i

c? 2 c?
1 72 1
K = mdc? S —mil?
2 c2 2
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16 Velocity/Momentum as Independent Variable

Under the velocity-as-independent-variable formalism (Lagrangian mechanics), we charac-
terise energy and momentum as follows:

E(@) = my (@), f = mya

The formalism in which F and p’ are functions of « turns out to be limited. So, we use
the Hamiltonian formalism in which momentum is the independent variable, and we take:

e
E = \/(pc)*> + m?c* = ic= %
The advantage of this is that it is independent of the rest mass, i.e. it allows for a massless
particle such as a photon having a nonzero energy or momentum. In this formalism, if we
take lim F, we get
m—0
/lj: —
Pope— 17,
c p
which suggests that the velocity of a particle without mass is u = c.
Lagrangian mechanics cannot give us these conclusions.
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