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Physics 105: Analytic Mechanics Spring 2019

Lecture 1: Introduction and Motivation
Lecturer: Stuart Bale, Ivan Vasko 22 January Aditya Sengupta

Note: BTEX format adapted from template courtesy of UC Berkeley EECS dept.

1.1 Introduction

This is a course on classical mechanics. Classical mechanics means a system is not quantum and non-
relativistic. We can determine whether a system is classical or quantum based on length scales; if the de
Broglie wavelength of, for example, a gas is much less than the typical length scale, classical mechanics are
okay. We can similarly determine whether or not a system is relativistic based on characteristic time scales.
For example, muons have a relativistic effect, through which their lifetime is much longer in the reference
frame of the observer than in the muon’s:

Tu

N — 1.1
V1—0v2/c? 1)
In classical mechanics, time is absolute.
The governing equation of classical mechanics is Newton’s second law,
mi- = F (1.2)

Classical mechanics is a good approximation to quantum and relativistic mechanics. Two major formulations
of classical mechanics are currently studied; that of Lagrange, and that of Hamilton. There are actually still
many open questions in classical mechanics, such as the mechanics of particles in which small approximations
(for example, a particle in an elliptical magnetic field with a radius not much smaller than the radius of
curvature of the ellipse) do not hold. This kind of problem deals with deterministic chaos.

1.2 Math Review

The high-level view of classical mechanics tells us that we can see systems in 3D space and in absolute time.
This means the study of orthogonal transformations, scalars, and vectors will be useful. Usually, 3D space
is parameterized by a Cartesian coordinate system, in which a vector to any point in space is given by

F=xi+yg+22=(x,y,2) (1.3)

Suppose we wanted to describe this in some other coordinate system (z’,%,2’). Now, the same point has a
different expansion for its position vector,
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-

r :m/i‘l—‘y—y/ﬂ/-i-zlﬁ’/: (x/7y/,zl>

In more generality, we can say that ¥ =Y z;é; and r' = > alél.

To transform between coordinates, note that for all e},

€ = E Aijej
J

Also, we note that the basis vectors are assumed to be orthogonal, that is, for all 4, k:

! !
e;er = Ok

meaning that when i = k, ez . eé = 1 and otherwise it is 0.

We can use the A;; coeflicients to define a coordinate transformation matrix:

A1l A2 Ais
Aij = | A21 Az Agg
A31 Azz Az
For an orthonormal basis, we know that
AT =1

for a matrix A. Also, conventionally, we say that /\jj =Aj

1.2.1 Change of Coordinates

By the definition of the change of coordinates matrix, we can say

/ — .
T Aij = T

We right multiply by A;s (s is just a different index) to get

! —_ . .
xl)\ij)\js =X, )\gs

/
I,(;H = .Z‘j)\js - Iy = )\js‘rj

(1.4)

(1.6)

(1.8)

(1.10)

(1.11)

Here, we used the property of orthonormality, which suggests that vector length should be preserved. We

can confirm this.
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1.2.2 Physical Meaning

We have the property that

M =1 (1.12)

which can also be written as

)\ij)\sj = 51’5 (113)

Here, we have six equations and nine elements of each matrix, which means there are three unconstrained
parameters. It turns out that these are the angles betwen the old and new coordinates.

1.2.3 A Particular Example

Suppose we have a coordinate system (z,y, z) that we rotate around the z axis by some angle ¢. Since there
is no rotation of the z axis, we know that 2z’ = 2. Trigonometry tells us that 2’ = xcos¢ + ysin¢ and
y' = —xsin ¢ + y cos ¢, therefore the matrix is

' cos¢ sing 0] |z
y'| = |—sing cos¢ 0 |y (1.14)
2! 0 0 1| |z

Suppose we do a second coordinate transformation on these coordinates, where we rotate by 7 about the z’
axis.

1 0 Of |=x
y'| =10 0 1| |y (1.15)
2" 0 -1 0f |+

We can chain together coordinate transformations by multiplying matrices. Suppose there is a transformation
A from S to S’, and w from S’ to S”. For each coordinate, we can see that

¥ =\ (1.16)

To check that this is a valid matrix, we verify that it has a unit determinant:

wh - (wA)T = wh - Ao’ =ww! =1 (1.18)
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Note that here we used the transpose rule (A-B)" = BYAT. The set of orthogonal transformations is a group
(?).

To check the commutativity of these transformations, we can carry out the transformations in both orders
and compare. We get

S" = wS' = wAS (1.19)
S =S = \wS (1.20)

It turns out that A -w # w - A. For example, consider two rotation matrices, one about the = axis and the
other about the z axis, with the z rotation being applied first:

1 0 0 0 1 0 010
0 0 1|x|]-1 0 0|=1(0 0 1 (1.21)
0 -1 0 0 0 1 1 00
and with the z rotation being applied first:
0 1 0 1 0 0 0o 0 1
-1 0 0|x|0 O 1|=|-1 0 O (1.22)
0 0 1 0 -1 0 0 -1 0
which can also be seen graphically.
1.2.4 Determinant of a Rotation Matrix
We know that for a transformation to be orthogonal, it must have the property
M =1 (1.23)
det(W\) =1 = [[(|[NP=1 = |\ =+1 (1.24)

Regular rotations usually have a determinant of +1, and inversions have a determinant of —1. for example,
the coordinate transformation in which the z coordinate is flipped. The matrix is

0 0
A=]0 1 0 (1.25)
0 01

which has a -1 determinant. If the determinant is -1, we know that an inversion has happened.
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1.2.5 Scalar and Vector Fields

A scalar field is one with a scalar output, such as the temperature in a space T(M) = T'(x;) or T(M) = T'(x})
where 2} = \;;x;j. Scalar fields are invariant with respect to (inversions and) rotations. A vector field has
a vector output, such as a velocity field which is characterized by coordinates (v, vy,v.). Vector fields are
not invariant with respect to rotations. For example, coordinates (vy,v,,v.) would not be numerically
the same vector as the velocity vector at the same point in a different coordinate system. We can translate

between these velocities with the same change of basis rule:

Vi = )\ij’l}j (126)

We can apply these in physics to identify whether a quantity is a scalar or a vector, or just unphysical.
For example, if an equation gives a vector output that does not follow the invariance rule, it is considered
unphysical.
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Physics 105: Analytic Mechanics Spring 2019

Lecture 2: Angular Velocity and Rigid Body Motion
Lecturer: Stuart Bale, Ivan Vasko 24 January Aditya Sengupta

Lecturer: Ivan Vasko

2.1 Coordinate Transformations

Consider a coordinate transformation A : S — S’,é; — ¢é;. This is characterized by a matrix, so that
é; = A;jé;. The set of all transformations is a group, which means for any transformations A, W, AW is an
orthogonal transformation, and any orthogonal transformations satisfy AAT = 1. This is a noncommutative
group, which means AW # WA (in general, A;; W, # WijAjx.)

We know that

detAdetAT =1 (2.1)
|detA] = £1

We claim that all transformations with determinant A are rotations, that is, the new coordinate system can
be arrived at from the original coordinate system by rotation about some axis. If this is the case, then a
zero-rotation transformation is possible:

Hf)\ IACZ")\ZLZ")\ (23)

If this is the case, then A has eigenvalue 1 (Euler’s rotation theorem), which can be shown as follows:

(A—DAT=T— AT =T - A (2.4)

Then, we take a determinant:

A—TI|=|A—1I|- A =|I-N|=[I-A] = [A-I|=0 = |[A]|=1 (2.5)

Consider the transformations with determinant -1. These have an odd number of inversions, in which an axis
is flipped. For example, a transformation sending (z,y, z) — (—z, —y, —z) has the matrix representation
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This has an odd number of inversions (3) and a determinant of -1.

We claim that any A whose determinant is -1 is a combination of rotations and inversions. Consider P, the
above inversion matrix (and note that P? = I which can be shown explicitly by P;;Pjy = &, and A, an
arbitrary inversion-rotation matrix. Let

W=P-A (2.7)

We see that W is a rotation matrix, as it has a determinant of 1. Then, left multiply by P to get P-W = A.
This is the decomposition of A into rotations (W) and inversions (P).

2.2 Rotations of Vectors in Fixed Coordinates
Consider a transformation A : S — §’, where ¥ = x;é; = z}é;. We know that x} = A;;z,; and &, = A;;é;. We
want to consider vector rotation, which we can first do in 2D.

Consider a 2D space with basis vectors é;, éz, rotated by an angle . The transformation matrix is

cosp sinp 0
A= |—sinp cose 0 (2.8)
0 0 1

Then, a vector rotation is described by

—y
g

= A7 (2.9)

or more generally

o) = Az (2.10)

Suppose we want to change coordinates from x; to y;, and suppose B is the transformation between these:

yi = Biz, (2.11
yi = Bija; (2.12)

where y; = A;;y;. Then, we can define a similarity transform (I don’t know what that is):

A, = BAB' (2.13)
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2.3 The Vector Product

Consider vectors a1, a3 in a coordinate system €1, €2, €3, where d; = a;ry=1 23. The vector product of these
two is

|a1 x a3| = |ai| - |az|sin 6 (2.14)

(Side note: a vector is not just any collection of variables, it is a set of functions that is invariant under
inversions and rotations. Consider an equation

—

d .

and apply the inverse to it. A; and B flip their sign, leaving the ‘fi—f term invariant. Since the term is
invariant, it cannot be a vector.)

Conventionally, we say

€i+1 X €(i+1)mod3+1 = €(i+2)mod3+1 (2.16)

In general, this transformation is described by

[€i X &;] = €ijnér (2.17)

where €51, is the Levi-Civita tensor. It is a 27-element tensor that is +1 if the permutation (ijk) is even, i.e.
there are an even number of transpositions from the order (123), and it is -1 if the permutation is odd. This
covers 6 elements, and the remaining 21 are zero. Explicitly,

+1 (123),(231),(312)
ejr =14 —1 (132),(213), (321) (2.18)

0 otherwise

In these terms, the vector product is

CL_i X a'é = Z = aliagj\éi X éjl = Zaliagjeijkék (2.19)
2%}

The magnitude of the vector product is equivalent to the area of the parallelogram between them:
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sLength of wis the same as the area

A{Area surrounded by u and v)

) Cross product Symbol
«Direction of wis perpendicularto the /'A,__\ C;

plane where u and v sits on = A

W=uxvVv

(x5, )

(X'-}:.y}:]

http://www.sharetechnote.com/html/Handbook_EngMath_Matrix_CrossProduct.html

The vector product can also be represented as a determinant,

ailr  ai2

al X as) =
(@1 a2) =, ag

. é3 = det(a) . ég

2.4 Vector Product under Coordinate Changes

(2.20)

Consider C = A x E, with Cy = €i;A; Bj, under an inversion of both A and B. Cisa pseudovector, not a

real vector, as it is not inverted under this process. C can be a real vector under just rotation, though, as

we can see:

A} = AjjA;
As = AisAgy Be = AieBl{

Then, C in these terms is

Ck = €ijk = AaiA;ABjB,g
Amk = C':n = EijkAaiABjA/aBlﬁl

Substituting in the previous expression for C here,

Amk . eaﬁmA;B'ﬁ = EijkAaiAﬁjA:lB/ﬁ

or

(Amkeaﬁm—eijkAmAgj) X A;Bé

(2.25)

(2.26)
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Applying the same coordinate transformation again,

Ask:AmkeocBm = EijkAaiAﬂjASk

We can use this to prove the following general transformation law,

€aBy = eijkA(xiA,BjA’yk

or
[|Alleafy = €ijrAaiAg; Ay

2.5 Scalar Triple Product

Consider the product

aix a2 aig
as - (a1 x a3) =V =|laj|| = |az1 a2 a3
asr asz2 as3

Explicitly, we can say that

az;€; - (A1 X G2) €k = A3kERija1;02;

which we set equal to the determinant,

1
llal| = €ijrariazjazy = |lalleapy = €ijraaiagiay, = |la|| = G CaBEijk
Note that a known formula is

@ x (b x &) = b(ac) — (ab)

which leads to some other stuff I don’t get

10

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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2.6 Angular Velocity

Consider a coordinate system with a rotation A. We can say that

Aij = dij + 095 (2.34)

where d¢;; << 1. Then we can say that A = 1+ 6, an infinitesimal operator. d¢ is given in matrix form by

0 —0p3 O
0p = | d¢s 0 —dp1 (2.35)
—dp2  Op1 0

We apply the identity plus this infinitesimal operator to an arbitrary vector &,

= (14007 = & —i0pF (2.36)

or

5% = (66 x &) (2.37)

This is an infinitesimal rotation for some reason. Differentiate this in time to get

7P =
Z: =[x 7 (2.38)

Q) is a vector with respect to rotations, but not inversions.

We introduce the time derivative of position as usual,

ar . 7t + At) — 7(t)

dt 6150 At (239)
v dx;

U = — = 71 A,L‘ = lAZ 2.4

U= =i = (2.40)
dv  d*7
a=—=— 2.41
“T T are (2.41)
In terms of a coordinate system (p, ¢, z), we see

7= péf + zé, (2.42)

T =T = pé, + 26, + pérno (2.43)
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2.7 Velocity Transformation

In changing the coordinate system of a rigid body, we get

di d7

dis = dis O

12

(2.44)
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Lecture 3: Calculus of Variations
Lecturer: Stuart Bale, Ivan Vasko 29 January Aditya Sengupta

Homework 1 is due Friday, Feb 8, and it consists of problems 6.1, 6.2, 6.11, 6.17, 6.22, 6.24 from Taylor.
General OH: Campbell 355, Tuesday 11-12.

3.1 The Idea of Lagrangian Mechanics

There are two major problems with using Newtonian mechanics for everything. One is it is not very gen-
eral, dealing only with the motion of particles, and the other is it usually deals well only with orthogonal
Cartesian coordinates. The calculus of variations is the mathematical foundation for dealing with mechanics
in generalized coordinates ¢;(i = 1,..., N) or in Hamiltonian mechanics generalized momenta p;. These ¢;s
define a configuration space, and when they are coupled with the p;s, it creates phase space. Instead of a
path parameterized by x,y, z, we have a path in the configuration space.

We know from Newtonian mechanics that

F =mj (3.1)

We need two initial or boundary conditions to completely specify q here. For example, let § = g, considering
the case of free fall in a gravitational field:

F =mg (3.2)
i=g (3-3)
¢ = gt + vo where vy = ¢(t = 0) (3.4)
1
q = =gt® 4+ vt + qo where qo = ¢(t = 0) (3.5)

2

Here, we need the initial conditions; what the particle is doing, in terms of its velocity and position, at ¢ = 0.
Lagrangian mechanics deals with boundary conditions instead, starting from ¢(¢1) and ¢(¢2). Lagrangian
mechanics starts with these two data points, and asks “what path in ¢ space does the system follow from

q(t1) to q(t2)?”.

3.2 Calculus of Variations

Consider the example of a plane flying between SFO and EWR. Airlines want to save money, so other than
paying their workers very poorly, they can minimize fuel. The path that minimizes fuel may not be the
shortest path in terms of distance, for example, if there are strong head winds over the main path. It may
be around those on a path that is longer. We express this idea with a functional,



Lecture 3: 29 January 14

F(7) = /t S pE (3.6)

where we want to minimize F', which in this example might be fuel usage.

The usual canonical example of a problem that can be solved quickly with the calculus of variations is the
brachistochrone problem. Consider two points A and B in a plane, with gravity directed downward. What
trajectory would a particle take from A to B to minimize its travel time? This is not a straight line between
them, because of the force of gravity.

We can write the travel time as an integral over the path,

(zB,YB)
- / ds (3.7)
(

zaya) Y

which is the same sort of functional expression, where we want to minimize a quantity that is expressed as
an integral. (This problem will be solved later after we have built the machinery of variational calculus.)

3.3 The Machinery of Variational Calculus

Again, the generalized statement of a functional is

F() = /t S H@E Dt (3.8)

By definition of the optimal path, any perturbation away from that path will increase the value of F. Let
this perturbation be 7(¢) and add the requirement that n(t1) = n(t2) = 0.

z(t) = z2(t) +n(t) = 2(t) (3.9)

Then, we can rewrite the functional expression. By definition, F(Z) < F(Z), where

ta B
F@) = [ f@+nd+nt)dt (3.10)

ty

We expand this as a Taylor series,

to
F(f)=/t (f(x,fi7t)+a-n+gi-ﬁ+...>dt (3.11)
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Therefore the difference between the two paths is

F@) - @ = [ (gg;n " gg;n) dt (3.12)

We apply integration by parts to the second part of this,

to t
> d (Of
o, () .

The first term drops out, because we stipulated initially that a deviation would not change the end points
of a path, i.e. n(t1) = n(t2) = 0. Therefore overall we get

Lor  of
“%W_%

)= r @+ [ (L= 42) 110

If we consider the deviation to be small, it follows that the integral must be zero, i.e.

dof of

This is the Euler-Lagrange equation.
In general, this will have to be applied as many times as there are dimensions in the configuration space.
3.4 Applying Variational Calculus

Consider two points A = (x1,y1) and B = (x2,y2). We can use the E-L equations to find that the shortest
path between them is a line. The functional expression is

(z2,y2) T2 T2 dy 2
L= / ds = / Vdx? +dy? = / 14+ () dxr (3.16)
(z1,y1) z1 z1 dx

L= / V1+y?de (3.17)

This is the same form as the general functional setup for a variational calculus problem, f(y,y’,z) =
v/1+ 132, therefore we can apply the E-L equation:

dof _,

il - 1
dx Oy’ (3.18)
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where —f is trivially zero. We get

d y B
P ( - —|—y'2> =0 (3.19)

or

Y =cyV1+y? (3.20)
y' = const (3.21)

d
% —m (3.22)
y=mx+b (3.23)

as we expected.

3.5 Brachistochrone Problem

We previously wrote the time equation for the brachistochrone problem. Let point A be the origin for
convenience. We know that m# = 0 and mg = mg. From conservation of energy, we can find the velocity
(as is required in the time equation),

1
imeQ =mgy = v =+/2g9y (3.24)

and the differential element ds is the same as in the straight-line example. Therefore we get

/ vity® + ya (3.25)

This gives us the function under the integral that is required as input to the E-L equation,

, N /1+y/2
fly. o' 2) = 7 (3.26)

to which we can then apply the equations and get the path. However, there is a shortcut using the Hamil-
tonian, which we will see in a few months. Take H as follows:

_ 9
H=y'5 (3.27)
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Then, take an x derivative:
dH af d (of of aof oOf
7:y117/+y17 7/ _yli_ //7/_7 (3.28)
dx dy dx \ Oy y oy Ox
which can be simplified to
dH d (0 0 0
(A (90 ory o 29
dx dx \ Oy’ dy ox
which just gives us % = —%, because the first part is exactly the E-L equation and is therefore zero. This

is an alternative statement of conservation of energy: when there is no time dependence, H is conserved.

Returning to the brachistochrone problem, we have

1+y/2
Y

f=

and so the Hamiltonian is

-1

Vy(l+y'?)

(as we just saw, the Hamiltonian is a constant)

Solving and setting /g = VC'sinf, we get
x = g (26 — sin 20)
y = C'sin?§ = C(1 — cos? 26)

Therefore, setting ¢ = 26, we get

x = C(p—singp)
y=C(1—cosp)

This is the equation for a cycloid.

(3.30)

(3.31)
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4.1 Recap

We can optimize a functional of the form

ta )
F(z) = / F@ )t (4.1)
t1
using the Euler-Lagrange equation,
dof of
222 4.2
dt 0t Oz 0 (42)

We can also optimize it using the Hamiltonian,

_ o
H=y By (4.3)
dH  0f

4.2 Plateau’s Problem

Imagine two hoops that are fixed and rigid, with radius R, separated by some distance D. We want to find
the minimum energy state for this system if, for example, a soap film extends between the two. There is
some optimal surface that sweeps out the two rings and minimizes the surface area and therefore the surface
tension of the soap film.

Consider a differential element of the volume, with some length dz spanning the radial space r(x). The area
of the boundary is

2rr(x)V dr? + dx? = 2mr(x)/1 + 7/ (2)%dx (4.5)

Therefore, the total area is found by integrating this over x:

A=2r /D/2 r(x)\/1+ 7' (z)2dz (4.6)

—D/2
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This gives us f(r,r',x) = r(z)y/1 + r/(x)2. Since this is independent of z, we can use the Hamiltonian:

of rr'? r
H=7—“> f=—— —ry14+r?=—— =K
or’ VI+r2 V1§72

This can be rearranged to get

dr 2

G

dr H

d
/ 77; = /dm =r+a
Vig) -1
This has a solution
% — cosh o, dr = H sinh sdy

and therefore

’I"2

ﬁ—lzsinl’?w

If we assume r(—z) = r(x), i.e. the solution is symmetric, we find that o = 0, and therefore

T
— Hcosh
r(zx) cos

We can apply boundary conditions to this: x = +D/2 = r = R. This gives us

D
= H cosh —
R cos 5

ol

Let x = =, then

1
R = xD cosh —
2x

R " 1
— = xcosh —
D X 2x

where x is a specific number.

(4.7)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

Note that the cosh function means there is no solution for % < 0.75, which physically corresponds to the

R

soap film breaking. For = = 0.75, there is one solution, and for % > (.75, there are two solutions.

D
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4.3 Connecting Quantum Mechanics and Lagrangian Mechanics

In quantum mechanics, we have a transition amplitude, representing the probability of a transition between
a state ¢1(t1) and go(t2). This is written as

(g2(t) [ @1 (t)]g2(t) | q1(2)) (4.16)

and let to = t1 + At. The transition is then characterized by

(g2t + At) g (D)2 (t + At)|qi(t)) = {q2le " |q1|qzle > |q1) (4.17)

or

2
. . p .
ezAtH ~ e lAtTm ezAtV (418)

Then the action is given by

t2 p2
S(z(t)) = /75 dt (2m — V) (4.19)
1
The amplitude functional is
Alz(t)] = /P (4.20)
and the probability is
A2 = /” . ()erS @)/ (4.21)
allpaths

We want to find the stationary values of S, as this gives us a stationary phase and therefore the most
probable state. Hamilton’s Principle states

2
p
1) t)=96 [ dt| — — = 4.22
Stal) =5 [ar (2~ v) =0 (1.22)
We define the Lagrangian L =T — V. Then, we have
to
4] dtL(q,q,t) =0 (4.23)

ty
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Using the Euler-Lagrange equation,

d OL 0L
— — = 4.24
TR 424

If we consider a mass m and a potential V(¢), the Lagrangian is
1 1

T= 5mzﬂ = Emq2 (4.25)

1
L=T-V= 5mq2 —V(q) (4.26)

oL
— =mq 4.27
9 ~™d (4.27)
d 0L |4

oL _ mg = mg= _ov (4.28)

dtaq

which is just the statement that ma = F'.

4.4 Spherical pendulum

Consider a pendulum being described in 3D space by angles 6 and ¢, with a constant length [, and under a
constant gravitational field g. We write the position vector,

7 =1lcospsinfz + I sin psin 6y + [ cos 62 (4.29)
T = (—lpsingsin @ + [ cos pb cos 0) & + (I cos @ sin 6 + I sin @b cos 0)§) — 16 sin 62 (4.30)

We dot this with itself and find

72 = 122 (sin? @ + cos? ) sin? 0 + 1262 (sin? ¢ + cos? @) cos? 0 + 1202 sin? 6 = 1% sin? 6 + 1262 (4.31)

Therefore the kinetic energy is

1 R |
T = imfﬂz = 5m1292 + 5ml%2 sin? 0 (4.32)

and the potential energy is just V' = mgl cos§.

Therefore the Lagrangian is

1 o, 1
L=T-V= 5mﬂa2 + 5mﬂp2 sin? @ — mgl cos 6 (4.33)
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We can write E-L equations for both coordinates,

dor_oL_
o 00
dor oL
dt 0o  Op
In ¢, we get
oL _
op ¥

which is a constant, so

Now in 6 we get

m — ia—L = ml?f
o0 dt 99

— =mglsinf + ml2<§2 sin @ cos

Therefore after some simplification we get

6 = %sinGJrgbzsianosf)

For a fixed 6 = 6y, we can get

(% + 2 cos 0()) sinfy =0

or

23

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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4.5 Another example

Consider a pendulum attached to a spring along the = axis, x = acoswt. We can write the Lagrangian by
finding T',

2 = &2 + 1262 + 201 cos 0 (4.44)

and so

1 ) .
L=T-V= 5m(:'cz’ + 126% + 2261 cos 0) + mgl cos § (4.45)
Then, applying the E-L equations gets us

. 2

0+ %9 = % coswt (4.46)

This is a driven harmonic oscillator. We find that this differential equation has a general solution 6(t) =
A coswpt + Bsinwyt, which we solve to get

o(t) = 2 ¢S wt (4.47)
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5.1 Angular Momentum

Consider a particle of mass m constrained to move on the inner surface of a cone of radius r and cone angle

«, under a gravitational field. We know from the geometry that

r
— =tana«
z

We construct a position vector for the particle,

7 =1rcos0x + rsinfy + z2

and we take a derivative,

T = (i cos O — rfsin 0)2 + (7sin 6 + 7 cos 0) + 22

We want to find the kinetic energy, for which we dot this vector with itself,

72 =% 5 =72 cos? 0 — 2risinf cos + 7262 sin% 0 + 72 sin® 0 + 2ri0 sin 0 cos O + 1262 cos? O + 32

Lots of terms cancel and we get
1 -2 292 -2
I = me (’I + 1 0 +z )

We can write this using the geometric constraint to eliminate z, by z = rcot = 2 = rcot 6,

1 . 1 .
T = 5 (r’z + 7202 + 72 cot? a) = §m (7*2 csc? o + r202>

The potential energy is just V = mgz = mgr cot a. This means we can write a Lagrangian,

1 .
L= 5m (7’“2 csc? o+ 7’292) — mgr cot a

(5.3)
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We see that ‘g—g = 0. When the Lagrangian does not depend on a spatial coordinate, we say that that

coordinate is cyclic. Here, 6 is a cyclic coordinate. From the Euler-Lagrange equation, we get

d (oL _ oL
at\o90) 00

— = const = py
06 P

We can take the derivative of the Lagrangian and find that

oL

— = mTzé =
a0 Po

This is exactly the statement of conservation of angular momentum.

(5.8)

(5.10)

We can apply the other Euler-Lagrange equation on the second spatial coordinate, to get an equation of

motion,

8—/: = mré? — mg cot
or
%—mfcscgaz i % = mi* csc? o

or dt \ or )

Then, the E-L equation gives us

# =162 sin® a — gsin avcos a

We can consider points with no acceleration in r,

. . . g
r6*sina = gcosa = H*tana = > = W
To

5.2 Mass/Spring on a T

Consider a mass and a spring in the following arrangement,

(5.11)

(5.12)

(5.13)

(5.14)



Lecture 5: 5 February 27

In terms of the length radially outwards [, and the length along the part orthogonal to that radial length p,
we can write a position vector,

7= (lcoswt — psinwt)E + (Isinwt + pcoswt)f (5.15)
T = (w(—lsinwt — pcoswt) — psinwt) & + (w(l coswt — rsinwt) + pcoswt) (5.16)

Squaring this and substituting into the Lagrangian, along with the spring equation for the potential energy,
we get

1 1
Ezénﬂw%ﬂ+p%+qﬁ+2wM)—§kﬁ (5.17)

Now, we can apply the Euler-Lagrange equation to the system with the coordinate p,

d (oL oL

We get

ﬁz(ﬁ—wﬁpzo (5.19)
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There are three possibilities based on the value of w. In the case where w < 4/ %, we get simple harmonic
motion, and p(t) = A cos(wot + 6p). In the case w > /£ we get a sum of exponentials, p(t) = Be® +Ce~*,
where o = /w? — % In case of equality, we get resonance, and p(t) o t.

Omne more case that can be considered is what happens when gravity is added. The term mg(l sin wt+p cos wt)
is added to the potential energy, which gives us the following slightly altered equation of motion,

p+wip = —gcoswt (5.20)

p(t) ~ Acos(wot + bp) + 20‘}% coswt (5.21)

3=

5.3 Symmetries of the Lagrangian

A symmetry of the Lagrangian is when a change to £, via a change in the coordinates from g¢; to ¢;, does
not perturb the Lagrangian.

For example, let £ = x + ¢, where ¢ is a small constant. &= . Then, the Lagrangian is altered as follows:

L= %mﬁcQ —V(x) (5.22)
L= %m'gf V@) (5.23)

Therefore, the Lagrangian does not vary if V(z) = V(x 4 ¢€). We can Taylor expand,

Viz+e) =V(z)+ eaa—‘; +... (5.24)

Therefore, for the required condition to be true, %—‘; must be 0. This is equivalent to saying the force in the

x direction is zero, or alternatively

dt
mi = p, (5.26)
where p,. is a constant, the linear momentum.

In general, when we have a coordinate that is slightly shifted to first order in time, the Lagrangian on that
coordinate becomes

OL n
0q;

L . . oL
£(q+ef<;,q+e,<;):L(q,q):G?ﬁia—qi—f—e;n (5.27)
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If we require that the perturbation is zero, we get Noether’s Theorem,

3/:
Z Miga: + zz: 6ql
This can be written in product rule form as follows:
d oL
% (; k,aqz> = const

5.4 Pendulum Motion

The Lagrangian for a pendulum of length [ and mass m with an angle from the normal 6 is

1 . 1 .
L= imZQ + 5mz2¢92

We perturb 6 slightly, and from Noether’s theorem we get

L(O+e6)=L0,0)+ eg—g

which gives us the conservation law

oL
a7 =0
5.5 The Hamiltonian
Consider
oL
H=¢>— —
q 34 L

We can take the time derivative of H,

dH _ d (0L
ar — dt \1ag

an _ oL % oL oc
ot 99 a4

_q%_q%_

e

dt

oL

at

29

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)
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More simply, this is

dH oL
7y (5.36)

We see that if £ does not explicitly depend on time, then H is a constant with time.

In the one-dimensional case, consider a generic Lagrangian, and write the corresponding Hamiltonian,

= —mi® - V(x) (5.37)

L
aL ) 1 .2 22
H= i L=mi*— omd” — V(z) ) = =ma” + V(x) (5.38)

which is just the total energy.
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Note that a property of the Lagrangian is it is invariant under constant multipliers; if £ is a valid Lagrangian,
then £ = ¢L is also valid.

6.1 Pendulum

Conside a pendulum with mass m under a gravitational field g, with an angle 6 from the normal. The
Lagrangian is

L=T-V (6.1)
1 . 1
T= 5m1292 = §m(i2 +9?) (6.2)
where x = [sinf,y = —lcosf, and the potential energy is
V = —mglcost (6.3)

Therefore, we can drop some constant factors and write as a valid Lagrangian

L= 502 + %cos@ = 592 + w2 cos (6.4)
where wi = 4. We apply the E-L equation,
d (0L oL
a4 (69) - % (6.5)
Therefore
. ov
0= —wising = ——— 6.6
wp sin 50 (6.6)

Look at the specific case where § = 0. Then we get sin = 0, so @ = 0 or § = 7. There are two solutions to
this; § = 0, with the pendulum pointing straight down, and 8 = 7, with it pointing straight up. Only 8 = 0
is a stable solution; under a slight deflection 06, only § = 0 will remain around that point as time goes on.
We can see this formally.
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0 =00+ 60 (6.7)
60 = —wZsin(by + 60) = —w?(sin Oy cos 36 + sin 56 cos b ) (6.8)
We know by definition that sinfy = 0, so
66 = —w? cos 0,06 (6.9)
Here, if 8y = 0, we get
60 = —w2oo (6.10)
This is a linear differential equation that is of the familiar form of an oscillator. Formally, we assume
50 = AeP? is a solution, and we get p? = —w3. So a formal solution is
80 = Ajem ™ot 4 Ayetwnt (6.11)

which has a small magnitude for all times. (We assume that because 66 is small, 4; and Ay must also be
small.)

However, for the case 8y = m, we get
60 = w2sh (6.12)
80 = Aje @0t + Agero! (6.13)

Therefore, even due to the small magnitudes of the coefficients, the solution grows exponentially with time.
Unless we have initial conditions that let Ao = 0, we will have an unstable system. We can try to find these.

wo 60‘t:0 = (Al + AQ)(UQ (614)
60 = (—A; + Ag)wo (6.15)
t=
Therefore
wodd(t = 0) + 60(t = 0) = 2wAy =0 (6.16)
Therefore
80(t = 0) = —wodb(t = 0) (6.17)

Therefore we need a velocity that slows down and stops as # approaches m, which is unphysical.
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6.2 Coordinate Deviations

Consider a Lagrangian in a coordinate variable q,

We perturb this slightly, ¢ = qo + ¢, and we get

1 1. 1.
L= 5(561)2 +V(go + dq) = 55112 —~V(go +6q) = 5&12 — V(qo) — <

Simplifying and dropping constants,

Therefore

or

33

(6.18)
8V) 1 (a?v 2)
— bq— = | =5  d¢*)(6.19)
8(] q9=q0 2 an q4=qo

(6.20)

(6.21)

(6.22)
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6.3 Double Pendulum

We can set up the Lagrangian for this system,

34
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U = —mqgly cos 01y — mag(ly cos 61 + I3 cos 6s) (6.23)
1 . . 1 . .
T= §m1(33% +93) + img(:cg +92) (6.24)
We can write the Cartesian coordinates in terms of lengths and angles, x1 = [ cosfy,y; = —I1 cosfq, and
To = Iy sinfy + 1o sin Oy, yo = —1y cos 0y — I3 cos B5. To substitute into the Lagrangian, we can take derivatives.

Eventually, we get the following for the kinetic energy:

1 . 1 . . ..
T = 57’711[%9% + §m2 (lf@f + l%e% + l1l29102 008(91 — 92)) (625)
Therefore, the Lagrangian is
1 . 1 ) . ..
L= §m1l§9f + §m2 (l%Q% + 1593 + 111260165 cos(6; — 92)) + (m1 + ma2)gli cos Oy + maglacosfy  (6.26)

Then, we can apply the Euler-Lagrange equations on both #; and 5. Consider the equilibrium case, where
6% = 0f” = 0.

0, = 01 + 50, (6.27)

We linearize the Lagrangian around the equilibrium point to first order, and drop some constants,

1 . 1 . .. 1 1

We introduce a coefficient for the mass ratio and the length, as well as the equilibrium angular frequency,
to get

1. 1 . . 1 1
L= 59% + §u129§ + 6165 + §w§9% + i,ulwgﬂg (6.29)

mo
mi+ma’

where p = = %, and w2 = %. We apply the Euler-Lagrange equations to #; and get

01 + plby = —wi6, (6.30)
165 + 0; = —w36s (6.31)

This is a system of linear differential equations. We assume an arbitrary exponential solution for both
(0; = A;e™?), and we get the following matrix,
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wd —w?  —plw? Al |0
—w? w2 —w?l| [A2| ~ |0

We take the determinant, to find the eigenvalues of w. We get

2 :w21+li\/(1+l)274(1—u)l
70 2(1 — p)l

and for a general solution based on the eigenvalues, we get

0, = C§+)A§+)€iw+t + Ci(_)AE_)eiw’t

iw4t are the normal modes of the system, and the C; coefficieents are given by initial conditions.

From the matrix equation above, we get

2

6.4 Circle of Springs

36

(6.32)

(6.33)

(6.34)

(6.35)

Consider a set of four springs of spring constant k arranged in a circle. There are four masses m evenly
spaced between them. The springs can be parameterized by their angles ¢; relative to the positive x axis:

4
1 L, 1,k
L=oRY G — R — (o1 —92)” + (91— 0a)” + (02 = 93)” + (93 — 0a)°)
i=1

Here we have four possible E-L equations:

$1 = —wj(2¢1 — P2 — Pa)
P2 = —wp (292 — 1 — 3)
$3 = —wi (203 — p2 — @4)
$a = —wi (204 — 01 — p3)

which we can change into a massive matrix problem,

2w2 — w? —w? 0 —wk Ay 0
—w? 2w3 — w? —wk 0 Ay |0
0 —w3 2wg — w? —wd Asz| |0
2 2 2, 2
—wj 0 —wj 2uwg —w Ay 0

(6.36)

(6.41)
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This has a determinant

1D]] = £(2w§ — w?)?(4wf — w?)w?

When this determinant is zero, w = 0, or w = 2wy, or w = v/2wy.

37

(6.42)
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7.1 Linear Oscillations

We can start the study of oscillations using the principle of energy conservation. Consider a one-dimensional
case, where there is a force in one direction and an associated potential,

Fp=— (7.1)

and the energy of the system undergoing this force is

1
E = imvfc +V(x) (7.2)

This creates a roughly parabolic graph of potential vs x. There is a well at the bottom, at some x = xg.
This is an equilibrium point, where % =0 and so F, = 0. This is a case of stable equilibrium. If we had

a potential well that looked like an inverted parabola, the zero point is also an equilibrium point, but it is
unstable; if the particle is perturbed, it does not return to its equilibrium point.

Consider perturbations away from an equilibrium point, x = z¢ +7. We can Taylor expand about this point,

ov

1, 0%V
V(@) =Viwo) +1 5|+ 5P

+ =" =

o G| e (7.3)

‘ o xo

The first-order derivative goes to zero, by definition of the equilibrium point. So the dynamics of a one-
dimensional oscillator are entirely determined by the quadratic term. We can drop the constant term because
a shift in the potential does not affect the dynamics.

We can write a Lagrangian,

1 1 0%V

=T -V =c-mi®>— = — 2 4
L Vi=omi =5 o ) (7.4)
0
and apply the E-L equation to get the equation of motion,
32
i+ —= =0 7.5
mij + 5 T (7.5)
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This is the equation for a simple harmonic oscillator. The solutions to this are of the form of a complex
exponential,

n(t) = A’ (7.6)

1 62V|
m  0z? lzq

is Acos(wt + 0) for w € R.

where w =

is the angular frequency. The motion is determined by the real part of n(t), which

The energy is given by

1 1
E = §m7'72 + iknz = const (7.7)

We compute the n components in terms of the solution written above,

n* = A? cos? (wt + ) (7.8
1 = —wAsin(wt + 0) (7.9
)

_  — —

7 = w?A%sin®(wt + 6 (7.10
1 1 1
E=T+V = imw2A2 sin?(wt + 6) + §mw2A2 cos*(wt + 6) = im(uQA2 (7.11

7.2 Phase space

We can parameterize a system by the values of 1 and 7). The total energy equation can be rewritten in terms
of an ellipse,

VE? = ( ”;n) " (\/§n> (7.12)

and if we rescale the axes, this becomes a circle. The polar representation of a point on the circle is entirely

: : _d9 _ [k
determined by its angle ¢, where w = G = {/-*.
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7.3 Linearity

The simple harmonic oscillator is linear, meaning that solutions to its equation of motion have linearity
(superposition and homogeneity). This means methods of linear algebra can be used.

SHO has the exponential solution

n(t) = n(0)e”* (7.13)
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which is invariant under time translation,
n(t +to) = n(0)e*+o) = (p(0)e0) et (7.14)

7.4 Damped SHO

Consider a simple harmonic oscillator with a mass on a spring, but with frictional forces proportional to the
first derivative of the position. The differential equation of motion is

mi+bi+kz=0 (7.15)

which can be rewritten as

F+2854+wiz=0 (7.16)

where 25 = % and wi = % To solve this, we assume an exponential of the form z(t) = eP! and take

derivatives, which we substitute in to get

PP+28p+uwi=0 (7.17)
p=-B+/B—uj (7.18)

Based on the sign of the term under the square root, there are three different cases.

7.4.1 (> wy

In this case, the term is real, and so p is a negative real number. For z(t) we get

2(t) = CreBHVI=Rt | 0= 8-V =Rt (7.19)

Here, the e#* term dominates, and so the solution is a decaying exponential. We call the system overdamped.

7.4.2 [ <wy

In this case, the term is imaginary, so we write it as i/wg — 32 = iw;. Using Euler’s formula for complex
numbers, we find we can rewrite z(¢) in this case as

2(t) = e P (O (coswit 4 isinwyt) + Cy(coswit + isinwit)) (7.20)
2(t) = e PH(dy coswit + dy sinwyt) (7.21)
2(t) = Ae= Pt cos(wit + ) (7.22)
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This solution is oscillating and decaying at the same time.

T Loz mnais . t

7.4.3 ﬂ = Wo

In the case 8 = wp, we get z(t) = (C; 4+ Co)e P, and we are required to find a second linearly independent
solution. To resolve this, we look at the underdamped case; at t = 0, z = 2(0) and 2 = 2(0). From above,
we know that z(0) = d; = C; 4+ Cy and 2(0) = —8d; 4+ w1dy. Therefore

2(0) + B2(0)

dl = Z(O), d2 = Wy

(7.23)

We can substitute these into the general underdamped solution,

2(t) = e Pt (z(O) coswit + (M sinwﬁ)) (7.24)

w1

We let w; — 0 (because wy = ) and we get

2(t) ~ e P (2(0) + i (2(0) + Bz(0)) t) (7.25)
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7.5 Analogies to circuits

Consider a circuit with components characterized by R, L, C in series. In a differential equation form, these
interact with charge in the system the same way that the mass/damping/spring components interact with
the position:

d*q dg ¢
Ay - e I 7.26
gz Tyt (7.26)

HereLNm,RNﬁandCN%.
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8.1 Solutions to the forced oscillator

In linear differential equations, we have linearity in the solutions. Consider a damped harmonic oscillator
with two solutions 21, 22,

(j; +28— +w0> () =0 (8.1)
(j; +28— +w0> 2(t) =0 (8.2)

Then z = z; 4 29 is also a solution. Suppose now that the right-hand side of one of the solutions is nonzero,
i.e. the solution is not homogeneous:

(j; + ﬁ +w§> 21 (t) = F;it) (8.3)
(j; +28 +w0> o(t) =0 (8.4)

Then z = zg + 21 is a solution.

Say F(t) = Coe™!, i.e. the force is harmonic. We can try a harmonic solution, z(f) = Ae~®*. Then, we

can take derivatives and see that 2 = —iwz, and 3 = —w?z. Therefore the equation becomes
2 ) 2\ 7 _
(—w? + 2Biw + wj) A = Cy (8.5)
~ C
A= 0 (8.6)

—w? + 2Biw + w3

This is the particular solution. This can be split into real and imaginary components,

T Fo/m (w3 — w?) + 2Biw)
(W - w?)? +4p%w?

= A+iB (8.7)

2BwFy/m

F
b/ m(wi—w?) i

@B =) F2F7a? and the absorptive amplitude B =

The elastic amplitude A =
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We can split the particular solution into real and imaginary components based on these amplitudes,

2(t) = Ae ™' = (A + iB)(coswt — isinwt) = (Acoswt + Bsinwt) + i(B coswt — Asinwt)

45

(8.8)

We can plot A and B against w/wp to see its behaviour. When w2 > w?, A > 0, the system moves with the
driving force; when w? > w?, A < 0 and the system moves against the driving force; and when A = 0 the

system is 90 degrees out of phase.

| SR TR P T AT — — o
- y

8.2 Power

Consider power, which is work over time, or force times velocity.

P(t) = F(t) - 4(t)

P(t) = Fycoswt - % (Acoswt + Bsinwt)

P(t) = —FywAsinwt cos wt + Fowf cos® wt

The first term averages to zero in a half cycle.

8.3 Rewriting solutions

(8.9)
(8.10)
(8.11)

We can express the real part of the general solution in the form of an amplitude times a trigonometric phase

term,

(8.12)



Lecture 8: 14 February 46

_ 2Bw
where ¢ = arctan( " w2>.

We can also characterize the quality of a system by a parameter @,

2 2
w wi — B
_ — 1
Q=55=""%3 (8.13)
This allows us to rewrite the system simply as
M
Z+—=z4+2=0 (8.14)

Q

A low @ factor corresponds to lots of damping, and a high @ factor (on the order of 5000-10000 for radio)
corresponds to very little damping.

8.4 Arbitrary Driving Forces

Previously, we looked at harmonic driving forces. If F'(¢) is not harmonic, this solution changes. Suppose
F(t) = Fou(—t+7), a constant input force that turns off for t > 7. For the first part, we get 2+ 282 + w3z =
Fy/m, which has the solution

2

F
2(t) = e PHCy coswit + Cosinwyt) + — (8.15)
mwg

We can Taylor expand to approximately get a solution after z(t) settles to around the average,

A(t) = 22 Q—a—m+m%—ma—m+”ﬂma

mwo 2 2

Fyt?
S (wi - B%) (8.16)
0

After t = 7, we use boundary conditions to ensure the function is valid. The general solution is

2r1(t) = e P (D coswi (t — 7) + Dy sinw, (t — 7)) (8.17)

At t =7, we get z77(7) = Dy and 277(7) = Dawy + 8D;. We can match this up with the first solution,

F
zr(7) = mcS ((1 —e P coswyT — wﬁle*BT SiIlUJlT) =D (8.18)
0

and the same with the derivative.
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8.5 Green Function Solutions

47

We can also approach this by letting 7 — 0 and Fy — oo such that the area under the force-time curve is

constant. This suggests that the displacement can be written as an integral of the impulse,

z(t)/tt - G(t, t")F(t')dt

'=—o0

where G(t) is the Green function.

We can individually solve for the 2 due to each displacement, ; + 28%; + wiz; = Fi(t), and we get

I
= L e Bli=t) sinwy (t — t1)
mwi

After t > tg, this becomes
I I
y= L gBl=t) 4 72 —Bt—t1) sinwy (t — t2)
mwi mwi

(I missed a step)

In general, the Green function is

e Pt gin wy (t — t')

mwi

G(t,t) =

We can apply this to a DSHO with z(0) = £(0) = 0. We try F(¢') = at’.

(8.19)

(8.20)

(8.21)

(8.22)
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9.1 Central Forces

Recall that under Newtonian mechanics,

_ dp
F=mdi=— 9.1
ma = — (9.1)
For some direction §,
F-3=0 = 5= const. (9.2)

That is, momentum is conserved along §. Analogous to this, we can make a similar statement about torque,

7.8=0 = L-5=const

Suppose we wanted to set up a system in which angular momentum were conserved in any direction. This
leads naturally to the notion of a central force, one in which a force depends on the position vector between
objects,

F(7) = f(r)7 (9.6)

The torque due to a central force is zero,

T=Fx F=Fx#f(r)=0 (9.7)

Therefore there is zero torque and angular momentum is conserved for any direction.

9.2 Two-Body Problem

Let there be masses m; and ms in the x — y plane, with position vectors 7} and 75 from the origin of the
inertial coordinate system to m; and to mo respectively. Define a position vector 7 from m; to ms. By
vector addition, we can say
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F=— (9.8)

Now, deﬁne_’a vector R that points from the origin to the CM. We have not yet found the CM, but the point
defined by R will be lie somewhere on the line defined by 7.

We can write a Lagrangian,
L=TR,7)—UFT) (9.9)

This is not yet very specific. We can add terms to the coordinate system to make easy expressions for the
energy. Call the vectors from the CM to m; and mq respectively 7} and 7. Then, we can say

R+7 =7 (9.10
R4+ 7 (9.11)
or, differentiating,

AR (9.12)
Ty + R4 (9.13)

So, the kinetic energy is

1 1 1 o o2 1 .
T = Smiif + gmai = s (R w'l) + 5ma(R+75)° (9.14)
1 . 1 . 1 .

T=g(m+ ma)R? + 5m1r"f + my Ri| + §m2¢’22 + moRi (9.15)

This is a confusing expression, but the correct definition of the CM will save it.

This is essentially a weighted average. Using the expression we derived before, we can say

In our case, this simplifies (how?) to
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mary +maorhy =0 (9.18)

Therefore the cross terms mer'i and ngf'Q cancel. We simplify T" to

1 o1 1
T=5(m + ma) R* + §m1f’f + imgff (9.19)

We want to convert this to an expression in r; and ro so that it matches up with the definition of the
potential energy. We do this by the definition of the center of mass,

-—mi ma o
= ————F 7 = ————F (9.20)
my + mo my + mo

Therefore we can do algebra to simplify the noncentral terms in the kinetic energy,

1 ., 1 5 1 mym3 m2ms o9 1 mimsy .9
- z = = ——— 9.21
2" - 2" T (m1 +m2)? - (m1 4+ mg)? " 2 \'m1 +ms " (9:21)
This is equivalent to the kinetic energy of a single particle at the CM with the reduced mass p = 7:11-::7?2
[
T= §MR + SHF (9.22)
The Lagrangian is
Ly pa 1o
L= §MR + SHI = U(r) (9.23)
We can set up E-L equations in both coordinates. First we do this in R,
oL
— =0 9.24
3R (9.24)
oL .
— =MR (9.25)
OR
doL oL
Z =9 (9.26)
dt )R OR
MR = const (9.27)

This is the statement of conservation of linear momentum of the center of mass.

Then, we do this in 7. We can drop the %MR2 term for this. Here, the potential energy term matters, so to
simplify we first take conservative forces that depend only on 7.
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F(7) = f(r)f (9.28)
F=-VV(r)= f(r)F 9.29
V(r) = —/f F(7)di" (9.30)

F being a central force implies conservation of angular momentum. This suggests that 7 and p’ are always
in a plane normal to L (the plane is defined by the cross product of the two, i.e. the normal vector, being a
constant). We describe this using polar coordinates in the plane, and the new Lagrangian is

L= %m(ﬁ +7r26%) — vV (r) (9.31)
We take derivatives,
% = mr2f (9.32)
% =0 (9.33)
d 94
$(mr 0)=0 (9.34)

Therefore the angular momentum mr26 is a constant. This can also be interpreted as an area swept out in

polar coordinates, %r(rd&) = dA. We therefore find that assuming constant mass, % = 0. This gives us

Kepler’s second law, that the radius vector sweeps out equal areas in equal times.
In this, we have not specified the form of the potential, so this applies to all central forces.

We can find the equation of motion by taking derivatives in r,

doL oL
— = _ =) 9.35
dt or  Or ( )
. oV
i — mr6? =0 9.36
mr —mro” + ar ( )
mit —mré? = f(r) (9.37)
We can replace 0 by #, to get a one-dimensional equation of motion,
12
mi =y = flr) (9.38)
There is no time dependence here, so energy is conserved as well. This comes from the fact that % = % =0

We can write an expression for the energy.
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1, 17
E= 5"+ 2 + V(r) = const (9.39)

To solve for r(t), we can try to integrate the equation of motion.

. do l
= — = — 4
9 dt  mr? (9.40)
l
p— p— — .41
0 /dG / - dt (9.41)
t dtl

Here, we need to find 7 to get 6. Using the energy equation, we can isolate 7 and get

= \/i (E —V(r) - 2;;) (9.43)

which we can integrate for time,

2mr? )

t:/dt:/r(j \/% (E_:Zr)_ . (9.44)

This allows us to define an “effective” potential,

12

!
Vi(r)=V(r)+ 53 (9.45)
which allows us to define energy simply as F = %mfz + V'(r).
Now, we can start looking at what happens when we specify a form of the potential. Let V = —%, which
implies f = —7%. Then the effective potential is
k 12
V'i(r)=—- 9.46
(r) r * 2mr? (9.46)

This allows us to graph the kinetic and potential energies. With a positive total energy, the potential energy
becomes hyperbolic. With zero total energy, it is a parabola. With a negative total energy just above the
bottom point of the potential well, the potential energy looks like an ellipse. At the bottom of the potential
well, we have 7 = 0 and a constant r» = 1. We get f = —mr10? and a circular path.

Qualitatively, the potential dominates the centrifugal force at large r, which is equivalent to saying that V'

falls off slower than %2 At small r, the centrifugal term dominates.
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93

We can change any time dependence terms to 6 dependence, and solve for r(6) or 6(r) using the integral

expressions in terms of ¢ for both of these,

6 r
/ Jo — ldr
b0 ro mTQ\/% (E-V(r) - 55)

2mr
dr

T
9290+/
ro 712\/27[)3E _2mV _ k

In principle, we can now solve for r(6).

(9.47)

(9.48)
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10.1 Recap

In general, with a central force, we have

T = mrs = f(r)a
which has associated energy
E= 2mi? 4 - +V(r) t
= = const.
zmr 2mr? " °

Based on this, we can integrate for 6 in terms of r.

ldr
mr2\/% E — V(T) - %)

9—90+/

Let u = % Then the integral becomes

do =

2mE 2m(E-V) 1

2
o mr )

00 /“ du
= 0 —_—
ug 4 / 2m(lE27V) —u2

If f~ %2, then V = fé = —ku. Using trig substitution, we can solve this:

1 mk 2FE12
r—l2<1+ 1+Tnk2COS(090)>

10.2 Equation of Conic Sections

The above equation can be written simply as

(10.1)

(10.2)

(10.3)

(10.4)

(10.5)

(10.6)



Lecture 10: 28 February 55

% = C(1+4ecos(0 —bp)), (10.7)

_ 2El2 . o« . . . P k
where € = 1/1 + 255 is the eccentricity. We can construct a phase-space diagram with axes T and \/;l'

Using this relationship as well as the energy/position dependence, we can construct diagrams representing
the system. These can help us visualize the phase-space trajectories of the particle.

10.3 Limits of the Orbit

Consider the minimum value of 7. This is achieved at the maximum value of the right hand side, at cos§ = 1.
We get

L _mkagLe. (10.8)

Tmin 2
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To find the maximum value of r, we break this up into two cases, depending on whether ¢ > 1 or e < 1. We
get

l2

—— e<1

Tmag = 4 "F17) (10.9)
00 e>1

We get 0o in the € > 1 case because the right hand side of the equation can be zero.

In the case of a circle, we get simply

12
r=—. 10.10
" (10.10)
The fact that the radius is constant with 6 reflects the fact that this is the equation of a circle. If we let
2
o= ﬁ, then we can express the equation of the orbit in terms of the equivalent circular orbit,

1 1
-=-—(1 ). 10.11
. a( + ecosb) ( )
a=r+er (10.12)
r? =a® — 2aex + €2° = 2 +y° (10.13)
We complete the square on this equation.
2
1 Qe 1,
where
a=—"_p=—1 (10.15)

:1_62’ 17762.

a and b define the semimajor and semiminor axes, respectively. This is the equation of an ellipse centered

_ [e13
at 1o = —1-c=-

Suppose € = 1. We get

y* = a? — 2ax, (10.16)

which is the equation of a parabola whose vertex is at (%, 0).

In the case € > 1, we get a hyperbola, through similar reasoning.
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10.4 Kepler’s Laws

We can connect the behaviour of central forces to Kepler’s laws in orbital mechanics, specifically the second
and third ones. The statement of equal areas being swept out in equal times can be expressed mathematically
as

dA 1,
[ - 10.1
dt QTQ om’ (10.17)

which is essentially a different statement of the conservation of angular momentum. Similarly, the third law
states that for a gravitational force,

4m2a3
T? = : 10.18
GIL (10.18)
We start from the second law, and get
dA l l
- — A= —T =7rab 10.19
dt 2m 2m e ( )

Substituting in the relations between the axes and the eccentricity,

ab = a*y/1 — €2 (10.20)

TR
L 10.21
e m(1 — €2) 4m (10-21)

with k = GMm.
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11.1 Higher-Order Forces

Previously, we found the orbits for a potential with V' ~ % Now, consider a force of the form F(r) = r%, SO
that the potential is
k
Vv — —(n-1) 11.1
()=~ (11.1)
So the effective potential in a circular orbit becomes
12 k 1
Ve = — 11.2
11(r) 2mr2 n-—1p7-1 (11.2)
We take an r derivative and set it to zero, and we get
oL k 2
o S 11.3
or . mr3 (11.3)
e mk
ro T3 = = (11.4)
For stability, we look at the second derivative,
0%V nk 312
= — >0 11.5
or? rot? + mrg (11.5)
l2
3—n)— >0 11.6
(3-n) (11.6)
Therefore, for n < 3, we have stability in a circular orbit. We do not get this for n > 3.
The equation of motion is
2 oL
- = _ == 11.7
L i— 1) or (1L.7)

and we can find the frequency of small oscillations around rg by setting » = ro +n and 7 = 7). We get
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= —g(ro+n) (11.8)

(11.9)

where in general g = g(r), and for the case of > dependence g happens to be constant.

11.2 Scattering

Consider Rutherford’s alpha particle scattering experiment, in which He?* particles were fired through a lead
“stop” into gold foil at a range of angles 6, then onto a zinc sulphide screen to see the effects of scattering.
This can be formulated classically as a two-body problem. Let © be the scattering angle for a given particle,
and let ¥ be the angle between the path of the a particle and the path off the target of a reflected particle.

_ T €]
v=35-73

Define the cross-section do = g—ng, the amount of flux per unit solid angle, where df) is the differential
cross-section. Then o can be found via an integral,

™ 2m do
= | —=dQ = i — (0 11.1
o /de /0 sin 0d6 ; d(de( ) (11.10)

The flux density is defined as the number of particles per unit area per unit time; call this I. Over a
differential element d©, the number of particles scattered is

2nls|ds| = 2mo(O)I sin ©dO (11.11)

and so we get

s ds

o(©) = sin [©] |d©

(11.12)

We can also invoke conservation of angular momentum, I = muvgs = sv2mE. From the results in the
previous section, we know that

dr
b= / (11.13)
2m E 2m(E—V(r) i)l/Q

r2

We know that this yields a hyperbolic orbit, and k = —z;z2e2. Therefore
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1 2
2= RO 0 4 ecosep) (11.14)
T 12
In the limit r — oo, we get ¢ = —csc g. Using the previous relationships we can get s(0©),
0 2Fs
27 21— 11.15
o 7~ ¢ 21 29€2 ( )
2
Z122€ 0
= t— 11.1
s 5E 5 (11.16)
1 2 0
0(0) = <2122§ ) esct 5 (11.17)

11.3 Hamiltonian mechanics

Recall that in Lagrangian mechanics, a Lagrangian in each coordinate is a function £(q,q,t) =T — V, and
the Euler-Lagrange equation allows us to find equations of motion based on this. Consider the generalized
momenta p; = g—(f. Then, we define the Hamiltonian as a function of these generalized momenta,

H= Zpi(ji — L(g,4(g,p),t) = H(g,p, 1) (11.18)

This exists in 2n-dimensional phase space. We can derive an equation of motion from the Hamiltonian by
taking a p derivative,

oH 0 . . Iy dq 0LOq .

oy = ap Dol Lladin) =itvg — Ga =i ()
and by taking a ¢ derivative,

OH 9 . ) .04 0L 0LOG

Bg ~ g (v~ Lad ) =pg — 5o - Ganl=p (11-20)

Therefore

0OH oL d (0L d
i o e I 11.21
dq  o0q  dt ( a4 > at” (11.21)
This gives us Hamilton’s equations of motion,
OH OH OH oL
Lo .o on Ok 11.22
="~ "ag ot ot (11.22)

This has a couple of advantages over the Lagrangian method. It is a system of first-order equations rather
than second-order, and any time dependence is explicit.
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11.4 Harmonic Oscillator

Consider a simple harmonic oscillator, with Lagrangian £ = %mx

_ oL _
T

so the Hamiltonian is

1 1
H:p:i:fimdsquika:m

p

mi —>

Then, we use the Hamiltonian equations, we get

. _O0H _p

€T —,Pp=

T 9p m

2 — %ka. We first write down p,

OH  OH

———=kx,— =0

dr

The third equation is essentially the statement of conservation of energy.

11.5 Particle in EM Field

1 -
L= imi“Q —ep(r,t) + gf - A(r,t)
Using B=Vx /_1', we get E= fﬁcp - %%‘f. Then, we take derivatives in x, to get
oL e
a. — { 7A:13 — Px
or MM
oc Oy

e

& . °

ox or 2

Bashing out algebra (come back here!), we get

1
H=—
2m

(i

(v

e
2

0A, n L0A, N ZBAZ
ox Y or ox

/T) + edp(r,t)

61

(11.23)

(11.24)

(11.25)

(11.26)

(11.27)

(11.28)

(11.29)
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12.1 Deriving the Hamiltonian equations

Recall that the Hamiltonian represents a system in terms of its generalized momenta,

H = piq; — L(qs, ¢i(qi, pi), t) = H(qs, pi, t) (12.1)

where p; = ng is the canonical momentum. Then we get the equation of motion and conserved quantities

from the Hamiltonian equations,

. OH

) o0H

oOH oL
o o (124)

We can derive these in the same way as for the Lagrangian, by requiring a stationary value of the action
(which here becomes the phase(?)):

to

S= [ cdt :/ to (pg — H) dt (12.5)

t1 t1

Perturb ¢ — g+ en, and p — p + ex. Then we get

Sz/t2((p+6$)(d+67'7)—H(q+e77,p+ex,t))dt (12.6)

Keeping the terms that are linear in €, we get the deviation,

) . OH OH

We require that this is zero, meaning that the coefficients on n and = be zero. We apply integration by parts
to shift the derivative in the first term from 7 to p;,
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d
) — — D 12.
pin dt (pn) np ( 8)

and so the deviation in S is

o[- ) (42,

Therefore, ¢ — %—f; =0and p+ %{j —0.

12.2 Connection to Quantum Mechanics

Intuitively, having a stationary phase corresponds to the path with the greatest probability due to no
destructive addition of phases.

We can apply the Hamiltonian method to a wave packet described by p = hk and E = hw. We use the
Hamiltonian equations,

H
15) N _dw ahw_aw

. _dr _ o 12.1
1= 5p U ap( )= % (12.10)
. OH dk  OH

The first equation is the definition of the group velocity, and the second describes the time evolution of the
wavepacket. In general, these are 7, = V3w and % =—Vuw.

12.3 Legendre Transformation

A Legendre transformation allows us to describe a (necessarily convex) curve in terms of an intercept as a
function of a slope.Consider the curve y(x) = e*. At some point z, the slope is % =e"=m = z=Inm.
At that point, b = y—maz = y—mInm. Therefore we get b(m) = m —mInm as the Legendre representation.

Now, consider a function of two variables, and let the two parameterizing variables in the Legendre repre-
sentation be the function’s partial derivatives.

_9f of . _
df = o dr + 3y dy = udx + vdy (12.12)

Let ¢ = f —ux. Then

dg = df —udx — xdu = (udx + vdy) — ydx — xdu = vdy — xdu = g—Zdy + %du (12.13)
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Then, define v = % and z = —29. This is akin to a transformation (¢,4,t) — (q,p,t). From this

perspective, a two-variable Legendre transformation is the same as the transformation from generalized
positions to generalized momenta. We can do this explicitly in the Lagrangian,

oL . oL . oL
AL = 5 da+ Gz di+ b (12.14)

Set % = p and %ﬁ = p. Then, we get

) oL oL )
d(L —pg) = qu + 5 dt = ddp (12.15)

This suggests a definition for the Hamiltonian,

H H H
dH = ¢dp — pdq — %dt aa—qd + %d + aa—tdt (12.16)

Equating the coefficients on each differential element gives us the Hamiltonian equations of motion.

12.4 Solving a problem with Hamiltonian dynamics

1. Choose coordinates ¢; and construct a Lagrangian.
2. Set p= 8q

3. H(qu CLp’ t) = qp - £(q7 qa t)

4. Invert p = % to get ¢(q,p,t).

5. Eliminate ¢ from H to get H(q,p,t).

6. Use the Hamiltonian equations of motion to solve.

For example, consider the case of a particle moving in gravity.

1
L=T-V=;m (& + 9° + 2°) — myz (12.17)

By taking partial derivatives, we find that p, = ma and the same for the other two coordinates.

2 2 2 2 2 2
1
Hpqcpz+py+“<m<pg+%+p;>mgz> (12.18)
m m m m m

which can be simplified to
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1
H(q,p) = 5~ (0% +py +p2) +mgz (12.19)
The Hamiltonian equations give us & = 2= and the same in y, and F, = p, = —%—ZI = —mg.

12.5 Hamiltonian Phase Space

Consider a space parameterized by independent coordinate ¢ and dependent coordinate p, and look at a box
between (p,q) and (p + Ap, ¢+ Aq). The phase space density p is the density of points in this region. This
allows us to find a number of particles crossing in a specific region in phase space. Consider the left and right
faces, respectively going from (p, ¢) to (p + Ap, ¢) and from (p,q + Ag) to (p + Ap, g+ Agq). The number of
particles crossing is dN = pAqgAp, where Ag = %dt = ¢dt. At faces 1 and 2, we can subtract this quantity,
to get

9., . Pdlg+aq — Pilq
— ——-4r=d P-4 12.20
9 (pd) Ag (12.20)
or
0, .
dN1o = —g(pq)Aqudt (12.21)
q
We can translate this to a continuity equation,
dp 0 0
99+ L) =0 12.22
5 aq(pq) + 8p(pp) (12.22)
This is the Liouville theorem
In phase space, the continuity equation becomes
dp 0 0
Ly Z(povy) + — =0 12.23
o7+ a (o) + 5 om) (12.23)
5? +V - (pF) =0 (12.24)

which, applying the Hamiltonian equations, becomes

Op OHOp OHOp
%t oo g ap " (12.25)
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13.1 Coordinate Transforms

We are searching for coordinates that lead to a cyclic (i.e. conserved) coordinate. More concretely, we want
to find Q;(pi, ¢i,t) and P;(g;,pi,t) that make H cyclic in @, so that H = H(P). The pair (q,p) is called
canonically conjugate if Hamilton’s equations hold and (¢q,p) < (Q, P) is the canonical transform.

Hamilton’s Principle states that & [ £(g, d,t)dt = § [ L(Q, Q,1), therefore

6/(L—£)dt:0 (13.1)

Therefore L and L differ by some differential in time. Call this ng, where F' = F(q;,pi, Qi, Py, t) is the
generating function. Then, using the Fundamental Theorem of Calculus, we get

5" %dt—é( (t1) — F(to)) =0 (13.2)

to

There are four kinds of generating functions, by taking pairwise each of p;, ¢;, P;, @; and specifying the others
as functions of these:

P = Fi(gi, Qi t)
Fy = Fy(q;, Py, t)
Fy = F3(pi, Qi) t)
Fy = Fy(p;, Pi,t)

For a type 1 function, for example,

L= c+— Y pi-H=Y PQ- ]HI+ (13.3)

Based on the form of F', we can expand the derivative,

dF 6F OF . 8F

o =i 8@@ (13.4)
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Therefore we get

_ . _ ~OF., OF,. OF
qu—ZPQ—H—kH—Za—quL%Q-FE (13.5)

By matching terms, we get

oF
;= 13.6
%= a0 (13.6)
oF
P =— 13.7
e (13.7
oF
H=H+ — 13.
+ ot (13.8)
13.2 Simple Harmonic Oscillator
We can apply this transformation to the case of an SHO. The Lagrangian is
1 1
L= —-m¢*— Zkq? )
5Md” — 5ka (13.9)

Using the Hamiltonian equations, we get p = % = myq. Therefore we can write down the Hamiltonian,

1
H= %(yﬂ +m2w?q?) (13.10)

where w? = % Now, we want to apply a coordinate transformation. We know that the solution is oscillating,

so we try p = f(P)cos@ and ¢ = % sin ). We get

p? +m?w?q? = f(P)%cos® Q + f(P)%sin® Q = f(P)? (13.11)
So
_ fe)y?
H== (13.12)
oF

to which we apply the Hamiltonian equations again to get p = Bq = mwqcot @ Therefore
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cot @ (13.13)

=307 370 (13.14)

2P
q=1/—sin@ (13.15)
mw
2P
p = mw4/ — cos Q) (13.16)
mw

Finally, we can write down the Hamiltonian in the new coordinates,

H— RS (pz +m2w2q2) _

5 2Pmw cos? Q 4 mw - 2P sin? Q) (13.17)

am |
The total energy is then £ = H = wP. Therefore P = %7 and the Hamiltonian equations give us the

time-evolution of @ simply as

Q:g%:w:>@:wt+Qo (13.18)

Therefore, substituting in known values, we finally get

p= f(P)cos@ = V2mE cos(wt + Qo) (13.19)
1/ ;—i sin(wt + Qo) (13.20)

13.3 Rigid Body Motion

A rigid body is a collection of mass elements fixed with respect to each other, i.e. for all elements i, j, it is
given that 7; — 7 is constant.

Consider a rigid body rotating about some axis with angular velocity w. Pick a point P on the axis. Then,
the motion of the body can be described by the translation of P combined with a rotation about ¢ through
P.

The main relationship describing rigid body motion is ¥ = & x 7. This describes the tangential velocity of
P. Each mass element dm has an angular momentum L = 7 X p. Summing these up, we get

L= /dm(Fx (@ x 7)) (13.21)

or in a system of discrete masses, we get
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L=> m x (wx7) (13.22)
Explicitly, the cross product being summed or integrated is

Fx (G x7) = (w1 (y? + 2%) — wory — w3r2)d
+ (wo(2? + 22) — wayz — wizy)y (13.23)
+ x

(w(x? + y?) — wi2x — Way2)2

which can be translated into a matrix relationship,

L, Jy?+22dm  — [zydm — [ zzdm w1
Lyl = | —[aydm  [z22+2%dm  — [yzdm wa (13.24)
L — [ zazdm — [yzdm [z +y*dm]| |ws

S . . A= .
Compactly, we write this as L = I -&, where L; = I;;w;. We note that the inertia tensor I is symmetric
and positive definite. It depends on geometry and not on f w. It is only specified after choosing an origin
and coordinate system.

For example, a point mass in a plane has & = (0,0,ws), and z = 0. Since the first two components of
w are zero, only the rightmost column matters, of which two of the components are zero. Therefore the
relationship reduces to

L= 0 (13.25)

2

which is the familiar resut L = mr<wsz = morz.

— -
Wwl'T'w = %w - L by definition of the angular momentum

The kinetic energy of a rigid body is given by T' = %

vector.

We can write everything in terms of center of mass coordinates, 7= R+7. We get

E:/dm(f’xﬁ):/(EJrr")x(6’+(dz”xf’))dm (13.26)
which simplifies to

=

L:/(éx?)der/ﬁx(ojxf’)dm:MéxV+ECM (13.27)

Therefore the kinetic energy is
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1 1., =
T = §MV2 + 5@/ -Lom (13.28)

We want to find special basis vectors that diagonalize the inertia tensor. These are referred to as the principal
axes, and the diagonal elements are called the principal moments. We do this by diagonalization.
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14.1 Rigid Body Motion

We can write the kinetic energy of a rotating rigid body by the sum of its CM kinetic energy and that due

to rotation,

1 1 1 1.,
T = §MVC% + 3 az[;lagwawg = §MVC% + §wlw

where the components of the inertia tensor are given by

T = [[[ 60002805 — was)as

We can write the Lagrangian for this system,

;C:T*VO?CM,G,QO,?/J)

We can use conservation of angular momentum to gain more information about this system.

E:;m@. :Vzilf;ﬁ-xﬁiﬁ

We can write F; = m; x (& X 7;), so the angular momentum is

L= mi (a7 - (@)

(14.1)

(14.2)

(14.3)

(14.4)

(14.5)

Comparing this to the definition L, = I,gwg, we see that the above is the definition of the components of

the inertia tensor.

14.2 Calculating the Inertia Tensor and Rotational Dynamics

To translate the inertia tensor from being centered around a point O to being centered around a point C,

with position vector R between them, the formula is
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1) = 15 + M(R%; - X;X;) (14.6)

Consider a rectangle in the x —y plane with width a and height b, rotating about its positive-slope diagonal.
In this case, we can compute the components of the inertia tensor,

Iy =1y, = /dxdyao(r%w —zy) =0 (14.7)
I,.=1,,= /dxdzao(rQ&EZ —xz)=0 (14.8)

1
L, = / dzdyoo(r® — z%) = o9 / dadyy® = EMb2 (14.9)

1
I, = ﬁMa2 (14.10)

2., .2 1 2 2

I, = /ao(x +y*)dedy = Ly + Iy = EM(G +b%) (14.11)

In general, for any rigid body with principal axes along x, v, z, if a body rotates about any of these principal
axes (say x) then its inertia tensor is diagonal, so L, = I,,w, and if there is rotation only along x, then
L,=L,=0.

Returning to the case of the rectangle, we write

1
L,=1,,w; =I,,wcosf = EMwa cos 8 (14.12)
1
Ly = Iywy = I,ywsind = EMG2UJ sin 0 (14.13)
L.=0 (14.14)

We can use this definition and & = (w cos 6, wsin 6, 0) to write N = % as

= 1

R ab
N = Iy — Iyy)wowy2(t) = 2

2 2y 2

(14.15)

Consider a cube of side a with the origin at a corner. The components of the inertia tensor can be calculated
by shifting relative to the center, R = (%, 5 %) (Get details later)

Cone:

. drl dL o
N = <dt> = ((ﬁ) +@x L (14.16)
L B

From this, we find the components of N ,
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d;

N1 = Il% + (Ig - IQ)CUZW:; (1417)
d;

N2 = 12% + (Il - Ig)w?,wl (1418)
d;

N3 = Ig% + (IQ - Il)wchQ (1419)

These equations describe the rotational dynamics of the system. We can solve these as a coupled system of
differential equations to get

@ = (Acos(Qt + ), Asin(Qt + @), ws) (14.20)
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1 = Ly + (I3 — [a)waws (15.1)
T2 = IQC:}Q + (Il - Ig)wlw,?, (152)
T3 = I3wz + (I2 — [1)wiws (15.3)

For small perturbations around the I; axis, we say we and wjz are small, so wows ~ 0. From the Euler
relations, we get Wy ~ 0, so w; is approximately a constant. This gives us a frequency of small oscillations
relationship in the ws.

L—1
w2+( ! 3)w1w3=0 (15.4)

I —1I. I -1
a’;2+< - 3) ( - 2)w1w2=0 (15.5)
I I3

Therefore we can define

oo (5)

which admits the solution

wy = Ae'ht 4 Be~itht (15.7)

We can define rotation in terms of space coordinates 7 and body coordinates 7 that rotate with the top. We
define angles of rotation 6, ¢, 1 to describe this. To change the coordinate system, we first rotate about the
£ axis by some angle ¢, then around the « axis (the rotated x) by some angle 6, then finally around the +’
axis (the doubly rotated z) by some angle .

1 cosy siny 0f |1 0 0 cosp sinp 0f |z
xo| = |—siny cosy 0| [0 cosf sinf| |—sinp cose 0| |y (15.8)
T3 0 0 1] |0 —sinf cosé 0 0 1| |z

The overall transformation matrix is

cos 1 cos ¢ — sin ¢ sin ¢ cos 0 cosYsiny + siny cospcosh  sinfsiny
—sinycosy —cosyYsingpcosf —sinpsiny 4 cosy cospcosf  sin b cos ¢ (15.9)
sin 6 sin ¢ —cos psinf cosf
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Recall that we previously had two sets of coordinates: space coordinates 7' which are fixed, and body
coordinates 7 that rotate with the body. We call the transformation between them U, so that 7 = U7 or
F=U"1%" =Ur.

By the product rule, the velocity in space coordinates is

dr  dU dr

i.e. the frame rotation plus the body velocity in space coordinates. This can be rewritten as

Thpace = Tpoay + UT = Thoqy + UUUT (16.2)

space

Let A= UU. We know that UU':I, SO

U+0+UU=0 (16.3)

which tells us that A is antisymmetric. In terms of A, the space rotation velocity is

7 Thody + A7 (16.4)

space —

where the A7 term is & x 7. Using the fact that it is antisymmetric and the definition of the cross product,
we can write

0 —wh W)
A=lw, 0 - (16.5)
—wh Wi 0

In the Euler coordinates, with wgpaee = (W], wh, wh) = (Afy, Als, As1) and wyedy = (As2, A13, A21), we get

wcos ¢ + @sinysin 6

Dpody = | —W sin?b + ¢ cossinf (16.6)
Y+ pcosl
0 cos ¢ + ) sin @ sin 0
Wspace = | 0sinp — 1) cos psin (16.7)

®+1Ycosb
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Now, we can write down the kinetic energy T = 5@ - (I - &). Consider a symmetric top with I; = I = I and

a distinct I3, so that we get

1 1
T = 5](&1% + w3) + §Igw§ (16.8)

Substituting in the w; values from above and simplifying, we get

I I -
T =5 (6% +¢*sin® ) + 53(¢ + ¢ cosh)? (16.9)

Also, assume we have gravity, so that V' = mgl cos 6. This gives us a Lagrangian. We calculate the generalized
momenta in terms of the coordinates 6, ¢, 1. Since the potential energy only has # dependence, ¢ and v are
ignorable so their momenta are conserved.

oL s
Py = % = I3(¢ + pcos ) = [3ws (16.10)
pwzg—g:I@Sin29+13(1/}+@C089)C089 (16.11)

Define a = 13% and b = pT“" = ¢sin? 0 4+ acosf. Both of these are conserved.

The total energy is

I, . Isw?
E=T+V = 5(92 + ¢?sin® ) + 3Tw3 + mgl cos 0 (16.12)

b—acosé
sin? 6

which we can express in terms of the parameters we introduced by substituting in ¢ = , and by

dropping the I3w3/2 term (because it is constant, equal to angular momentum). We get

. I(b— )2
E' = 592 + 5% + mgl cosé (16.13)

Call the second and third terms combined V.s(#). We can solve for § in the same way as the central force,
but it may be easier to introduce a quantity u = cos = @ = —sin#0. The energy equation then gives us
a(l —u?) =% + (b — au)? + Bu(l — u?) (16.14)

__ 2FE’ __ 2mgl
where a = =7~ and 3 = =5%.
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Consider the simple case of a Lagrangian with one coordinate,

L= %mg’f —V(x) (17.1)

Solving the Euler-Lagrange equations, we get (by now predictably)

mi = _% (17.2)

Consider a stationary point xg. A stationary point is one at which if g = 0 then & = 0. At xo, %—g =0

We can also consider stability around a stationary point. Consider a point x; in a potential well, and x5 at
a potential peak. We can analyze stability by perturbing a coordinate and plugging it into the Lagrangian,

T =uz;+0x (17.3)
L= %méiQ — V(z; + 6x) (17.4)
Expanding, we get
I S v 1 (d*V 9

We drop the V term as it is a constant, and we drop the first derivative in V' because it is 0 by definition.

_ 22— (2
L =-mdx 722

1 1 [/ d?
5 2<d V) Sa? (17.6)

. 2
Wt where w? = L (4VY )
m dx R

This is the form of a harmonic oscillator, with a solution dxz = Ae™
We can consider a more complicated case, with generalized coordinates ¢ = {¢;};=1,... nv. The kinetic energy
is

1 ..
T= 3 Z TikGiqr (17.7)
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This can be derived from the known expression for kinetic energy,

-2 S miti(an) (17.8)

1 oF,  OF,
T:mei L (17.9)
2 55 090 9984aqp
1 or; ory . .
T=—- i— =G, 17.10

From the kinetic energy, we subtract a generic V(q) to make a Lagrangian. Solving the E-L equations in
each ¢, we get

oL 1%
Tonlip = — = ——— 17.11
Zk: ik 0qa 0qa ( )

For a point to be stationary, you need a;/ =0 for all a. (Notes: Ty, = Ty, and Ty, = T;x(q)). The above
expression assumed T;; constant, so the expression changes slightly with the coordinate dependence,

1 )%
=3 zk: ~ (17.12)

> Tk
k

We can expand the left side as kop aaT(‘;p”“ dpdr + >k Takdr, and cause a first-order perturbation in ¢; to get

1 1
=5 > mikdids = 5 ) Virdid (17.13)
ik ik

mik, Vi, are constants. The equations of motion that we get out of this Lagrangian are ), marr =
— > i Varqr. This is essentially a generalization of m# = —kx.

Using this, we can solve systems like the double pendulum. Consider a double pendulum with masses m on
both arms and a length [ of both. We describe the positions of both masses and the kinetic energy from
that,

71 = (Isin 1, —l cos 1) 17.14
1 1
T = §mx§ iml2 3 17.15

= (Isingy + Isin(p1 + p2), —lcospr — Lcos(p1 + v2)) 17.16

/_\A/_\A
—_ — =

1 . . . . .
T =-m (l2<p% + 12(p1 + 92)% 4+ 20201 (91 + @2) cos ©2) 17.17

2

and we also write the gravitational potential energy,
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V = —mgl(2cos p1 + cos(p1 + p2)) (17.18)

The only stable stationary points, from the equation % =0, are ;1 = w3 = 0. We can see this mathemat-
ically by expanding the expression for kinetic energy to get linear combinations of pairs of coordinates. We
get

1
T= 5ml2 ((3+2cosp2)pT + 93 + 2¢192(1 + cos 2)) (17.19)

We see that Ti; = (3 + 2cospa)mi?, Tia = To1 = (1 + cospa)mi?, Tay = ml?. Similarly we write out the
potential energy in terms of paired coordinates, V = %mgl (302 + 201902 + ¢3). At the stationary point,
we can simplify the kinetic energy to T = %le (5<,b% +4p1p2 + ga%) Finally, this allows us to write out a
Lagrangian,

. .. ) lg
L= (541 + 4192 +¢3) — 57 (BT + 20192 + ¢3) (17.20)

N =

Using this, we can write out matrices specifying the system’s mass and potential constants,

5 2
mik=m {2 J (17.21)

- 3 1] 5503 1
Vik = mgl L 1] = ml“wj L J (17.22)

We can solve this as a system of differential equations. Recall that the solutions for stable coordinates were
completely oscillatory, ¢ = Are~**. From the equation we derived for the generic case previously, we get
(—w?mak + Var)Ar = 0. In a matrix form this is ||V — w?m|| = 0. This has N solutions for w?, which we
will call ws. We get

S (~wlma + Vi) AP = 0 (17.23)
k
0
w? = 7‘/”“(/2; o (17.24)

Having found these eigenvalues, we make a generic linear combination to get the coordinates,

N
gr = Y CoA emilotten) (17.25)
s=1

From the earlier determinant relation, we get
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3wd — hw?  wi — 2w?

2 2

We get w? = (2+v/2)w? and w3 = (2—+/2)w?. These are eigenvalues, for which we can find the corresponding
eigenvectors. For wi, this is

AlY
AL

- [1 1q (17.27)

and for wo, this is

- [1 iﬂ} (17.28)
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Recall that last time, we expressed the Lagrangian of any system in terms of generalized coordinates and
wrote a generic component-wise expression for it in terms of kinetic and potential energy components:

1 . 1
L= 3 ;miinQk 3 Zk Vik@iqr (18.1)

We can write down the Hamiltonian,

. oL
H:ZPNJ‘—E:Z@%—E (18.2)
J

which requires that we write down the generalized momenta,

oL o

1 1 1
— = [ S Tudidr | = 5> Tubijgn + 5 Y Tindidkj 18.
4, _ 04, 2“@ k9idk 3 k jqk+2 kqiOK] (18.3)

This can be simplified to

1 . 1 . .
pi =5 2 Toidi+ 5 > Tigi = Tl (18.4)

Then the Hamiltonian is

.. 1 .. 1 ..
H= ZTijQin ) ZTij‘h‘Qj + Vi) = 3 an(Q)QiQk +V(q) (18.5)
Then the Hamiltonian is just the sum of kinetic and potential energies, H = T + V = %Zmikqiqk +
lZV )
2 szsz-

To examine stability of a start point ¢(?), perturb each individual coordinate by some 7;. The condition for
stability, i.e. for oscillation or decay of the perturbation, turns out to be > Vixq;qx > 0.

By solving the previous eigenvalue equation, i.e. (V — w2fn)ff = 0, we get the normal-mode frequencies,

w2 = ZVikA:(S)AI(:)
s ZmzkA*(S)A](:)

(3

(18.6)
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Again we cause a perturbation in each coordinate. If Vigmime > 0Vn; where ||n|| # O then the stability
condition is met. (why?)

For any w? # wg, we should get 3, mikAga)A,(f) =0.

Having found the normal-mode frequencies, we can write down the normal modes,

g =Y CoA) et (18.7)

where Cs may be complex, Cy = |Cs|e??s. We can apply this normal-mode construction to physical systems.
Consider two springs of spring constant K, with masses m at the extreme ends and a mass M connecting
the two in the middle. The Lagrangian for this system is

1 1
L= 5(m:v% + M2+ mi?) — 3 (K(x2 — z1)% + K(z3 — $2)2) (18.8)
which allows us to write the m and V matrices,
m 0 0
migp =10 M O (18.9)
0 0 m
1 -1 0
Vie=K |-1 2 -1 (18.10)
0 -1 1
The determinant equation is then
K —w?m -K 0
-K 2K —w?M -K =0 (18.11)
0 -K K —w?m

which admits the solutions w = 0,w? = £ % = £ (1 —2%) We can substitute these back in to find the

corresponding eigenvectors (but they’re on the far board and I'm too lazy to do it myself.) Eventually we
get the amplitudes A; = Az and Ay = —24; A;.

Consider N masses in a line separated by equilibrium distance d and with tension 7 pulling each mass

2
up or down by an amount y;. The force in z is F, = Tcosa — 7cosf8 ~ T (0‘72 — %)7 and that in y is

F, = tsina + 7sin 8. The angles can be found geometrically by

; Ye—1 — Yk Ye —Yr—1
sinag_1 = R~ (18.12)
NS ey A
sin By_1 ~ Y1 — Yk—2 (18.13)

d
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The final Lagrangian is

N
1 .9 T 2
L=T-V = 3m Ek Up — kg_ % (Yk — Ykt1) (18.14)
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Consider the Lagrangian from last time,

1 .. 1
L=3 Z}; mikdi — 5 zk: Vikyiye (19.1)
-2 -1 0 ... 0
: o . -1 o2 -1
where m;, = md;i, i.e. the identity matrix, and Vi, = 7 k.
0o ... 0 -1 2

We get this matrix by taking derivatives on the k-th part of the potential,

1 /7 9 T 2)
_ Ly, T v — v 19.2
14 Z(d(yk Yk+1) +d(yk Yk—1) (19.2)
17
V= 5&(23/1% — 2UkYkt1 — 2UkYk—1 + Y1 + Y1) (19.3)
ov. 17
— = ——(4yr — 2 — 2y — 19.4
o 2d( Yk — 2Yk+1 — 2Yk—1) (19.4)
0%V T
— = 2-— 19.5
0%V
2 -_I (19.6)
OYrOYk+1 d
Then, we want to solve the eigenvalue equation HV — w?m|| = 0. We end up getting 2 — i—z all along the
0

diagonals, —1 in the positions one place off from the diagonal, and 0 everywhere else.

For the case N = 2 this ends up giving us w = wp and w = v/3wy. For the case N = 3 this gives us w = wyv/2
and w = woV 2=+t /2. Here wg = ﬁ.

In general, for the Nth-order eigenfrequencies, we can compute the determinant A,, denoting the determinant
~ 2
[V — w?ml||. We get A; =z (where we take z =2 — %) and Ay = zAn_1 — An_2.
0

In general we can solve the equation of motion for the k-th mass with the assumption yi = Ay cos(wt + )
where we assume Ay, = e/*719) where ~ is a constant. Then we get

oL T T
o oL T Tl — 10.
mik = g g Wk = Y1) = S (U6 = Yk-1) (19.7)
w? Ay = wa (Ag, — A1) +wi(Ax — A1) (19.8)
W =wi(l—e") +wi(l—e ™) (19.9)
w? = 4w? sin® % (19.10)
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™™

We further constrain this at the endpoints, yo = yn41 = 0. To fit both of these we get v = 757 where
sin (50 |

In the limit where there is an infinite number of particles, N — co and d, m — 0. Here the eqation for the k-
th mass becomes a continuous equation y(x,t). In the limit, we can rewrite the difference yp —yr4+1 ~ yk+%d;
we get

n:l,...,N,and(S:g,%’r. Then we get w, = 2wq

82y 2 8yk+1/2 Qayk—l/Z
— . d— d 19.11
oz~ 0 T gy Y5 (19.11)
Py 5 0%

T

This is the wave equation with ¢2 = -

To solve this, we assume separable solutions y = A(x) cos(wt + ¢). Substituting into the equation, we get
A'(z) + “;—;A(x) = 0. With the boundary conditions y(x = 0) = y(x = L) = 0, we get a sinusoidal form for

A, namely A = asin | £x ] where w = ¢,.
) Cs L

These are standing wave solutions to the wave equation. It is also possible to have traveling-wave solutions
of the form y = Ae?(@t—Fz),

It is also possible to write down a Lagrangian in this continuous case,

Ly = ;/OL o(z) <?§>2dx— %/dan’(ac) (gif (19.13)

or, as a function of the discrete case,

Lly] :/dxﬁ(y,ﬁmy,aty,x,t) (19.14)
L= %p(x) (?;)2 - %T(’JZ) (gz>2 (19.15)

We refer to £ here as the Lagrange density. From the principle of least action we know that § fttf Ldt =0,
from which we can say that

ta
5/ Liyldt = 0 (19.16)
t1
to
t1 D
2
/ / dadt [L(z,t,y + 0y, Opy + 020y, Opy + Oidy) — L(x,t,y, 02y, Ory)] =0 (19.18)
ty JD

Taking partial derivatives, we get
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//da:dt—éy / dxdt( >5y / dadt— (8&1})6 =0 (19.19)

Using integration by parts, we can simplify this case (somehow) to

2
p(x)% = % (T(.’E)Zi) (19.20)

Slmllarly to the Lagrangian density, we can define a Hamiltonian density. Recall that H = poyy — L =

aatyaty L. We differentiate this in time to get

O _ 0 (0L, 0Ly OL_ 0Ly 0L, () 0L Py .
ot Ot \ 00y OOy Ot2 Ot Oy Ot 900y ox 00y Ot? '
Simplifying significantly, we get a density in time,
OH oL 0 | 9L Oy
= - 19.22
ot ot Oz [ﬁamy 815] ( )

In the case with no time dependence, we get %—7;‘ = —% where S = 6%£y g? = p(x)%a—y is the Poynting flux.
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Let ( = x — ¢t and let n = = + ¢4t represent the perturbations to y(z,t) — y(¢,n). Taking derivatives, we
get that

%y 0%y 0%y 0%y
— 2 —<Z 20.1
2%~ acz " “acan | on? (20.1)

and

Py 0% D%y | ,0%

= 2. -7
oz~ “acz T ““acay

Therefore, substituting into the wave equation, we see that % =0, ie y= f];((:]]))dn + g(¢). We get a

solution that is of the form of a traveling wave,

y(a,t) = flz —cst) + g(x + cst) (20.3)

These are arbitrary functions determined by intial conditions. At t =0, yo(z) = f(x) + g(z) and g—g - % =

%yo(x) These give us

oa)—J@) = " yola')da’ + glao) — f(o) (20.4)

Cs o

which allows us to isolate for both perturbations individually,

1 1"
@) = 3w0(@) + 5 [ wole')ds’ — 49 (20.5
s Jxg
1 1 r N
g(x) = 52/0(3”) oo Yo(z')dx (20.6)
s Jxo
So the general solution ends up being
1 1 x+cst
y(x,t) = 3 [Wo(x — cst) + yo(x + cst)] + 50 / go(z")da’ (20.7)
s Jr—cst

In general, for an arbitrary number of dimensions, the wave equation generalizes to the Helmholtz equation,
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-2 w2
VAW + A =0 (20.8)

for a standing wave of the form (7,t) = A(F)e~**. The wave can be expanded into a Fourier series; we
find the cosine and sine coefficients are

2 [F . (TN
ap, = z/o P(x,0) sin (Tx> dx (20.9)
2 oY . /TN
by, = Ton <8t>t=0 sin (Tx> dx (20.10)

For the magnitude, assume it is separable into A(z,y) = X (z)Y (y), and taking derivatives gives us

X// (./L')

+ 5 =0 (20.11)

N

Let’s say X" (z) = —AX(z) and Y"(y) = —pY (y). This gives us £z = XA+ p, 80 Wpm = ¢s 7 V12 +m? where
n,m=1,...,00. :

In two-dimensional polar coordinates, it turns out we only have radial dependence and we can explicitly
solve for the ¢ dependence:

A(r, @) = R(r) x 7'M (20.12)

Substituting into the Helmholtz equation and using the del operator for polar coordinates, we get

2 2

R'(r) + %R’(r) + <°; - :’;) R= (20.13)

This is the Bessel equation. Its solutions are represented as R = J,, (Cir) Therefore we get

Ynm = Jm (‘*’”m r) x [COS(WP)} x et (20.14)

Cs sin(me)
(the above is not a matrix, it means that either one can be selected. It’s weird notation.)

We generalize this to having r and z dependence; we get

1 m? w? ™\ 2
R R = SRt R (FF) r=0 (20.15)

where we found using the assumption of a constant Z”/Z that Z = sin (”L—”z)
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Consider a system of two springs, one attached at a wall at y = —I and one attached at a wall at y =, and
both attached to a mass on the = axis. The springs’ relaxed length is [y, so we can write down a potential.

1 2
U=k (\/x2 T2 zo) x 2 (21.1)
We Taylor expand this to fourth order,

ou 19U

1 0%°U 10U
U(x)=U(0) + — - — 2y —— — 4 21.2
(z) 0)+ Ox x:oer 2 022 |,_, 6 0x3|,_, 24 Ox? w:Oz (212)
Computing each term, we get
U(0) = k(I — lp)? (21.3)
oUu l’lo
— =2kl - — 21.4
Ox (m VIZ2 + a:Q) (214)
0%U lol?
— =2kl - ———— 21.
Ox2 < (12 + :c2)3/2> (21.5)
U 2,2 | 12\-3/2
a3 = Oklol*(2” +12) 12y (21.6)
4
‘lj = 6klgl? (—2@2 +12)3/2(22k) + (22 + 12)—5/2) (21.7)
x
Therefore, substituting in = 0 to each of these, we get
l 1kl
Ulz) ~U(0) + & (1 z0> x2+zl—30x4+... (21.8)
and the force is
ou lO klO 3
F=——=22k(1—-—|o—— 21.
5 ( 7 ) T— 38 + (21.9)

The equation of motion is therefore

l
mi + 268mi + 2k <1 - llo) x4+ %x‘? = f(t) (21.10)
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1
2
kerr =2k (1 — ZTO) > (, the phase-space energy plots of & against x with contours as the fixed energy states,
we approximately get rounded squares. For a soft spring, we try and analytically find equilibrium states; we

get

This allows us to construct phase-space plots of the energy F = 142 + %xQ + ix‘l. For a hard spring, with

lS/2 lo 1/2
T = i\/§l— (1 - l) (21.11)
0

Therefore we get phase-space plots of roughly intersecting circles centered around these two points on the x
axis with & = 0, eventually creating figure-eight type constant-energy contours.

We can try a Fourier expansion of the differential equation, with quality and nonlinearity constants replacing
the physical constants in the problem. We look for solutions to & + & 4« + ex® = f(coswt), in the limit
@ — oo so that there is no damping, of the form z(t) =", Ay (w) cosnwt.

Solving for the Fourier coefficients, we get (1 —w?)A; + €3 A = f and (1 — 9w?) Az + €3 A3 = 0. This allows
us to define a phase-space plot for A; against w.

We do the same thing for the case of finite @), which gives us

W

a (1 —w?+ %(a2 + b2)> + % =f (21.12)
b<1w2+?:f(a2+b2)) f%” =0 (21.13)

In both r = va? + b? against w and A; against w, there is a region with one solution per w and there is a
region with three solutions per w at higher frequencies.
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22.1 Extending an Oscillator Model

Consider a pendulum with arbitrarily distributed mass under gravity, with its CM at a length d and angle 6
relative to the y axis (straight down). The torque is 7 = mgdsinf. The position vector to any point on the
distributed mass is

7 =r(gcos(d + ) + & sin(0 + p)) (22.1)
The velocity is
df d :
=202 Or(—gsin(f + ¢) + & cos(8 + ¢)) (22.2)
dt dt
The angular momentum is
L= —éé/rzdm (22.3)

Therefore, we can write the equation of motion as

; d
g+

sinf =0 (22.4)

We can define the radius of gyration ro = 4/ % to reduce this to something like the usual form of a pendulum,

0+ i;l sinf = 0 (22.5)
o

Under the small-angle approximation, this is just the form of a simple harmonic oscillator. Consider the
third-order term, so that the equation of motion is

0+ %l (0 - 203) =0 (22.6)
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We can write down the energy of the system,

1..
E= 5]02 + mgd(1 — cosf) (22.7)

and for a fixed value of energy we can write down 9,

o i\/ % (E — mgd(1 — cos0)) (22.8)

At the peak, the system energy is entirely potential, so we can substitute in for F and use trig identities to
get

do 4 .2 90 2 0
A in? — — sin? = 22.
7 \/Imgd <bln 5 SN o (22.9)
This allows us to solve for 6(t),
/ dt = %9 (22.10)
2 bo
t= 10 40 (22.11)

vgd Jo (sin? & — sin? g)l/Q

This is an elliptic integral, which we try solving by substituting k& = sin %0 and kz = sin g. Then expanding
out (1 —k?22)71/2 we get

drg (1 dz

1 L2242
t= +fk2/ — ... 22.12
\/gd 0 \/1—2’2 2 0 \/1—22 ( )
We get
271'7“0 1 . 200
t=— |1+ - — +... 22.1
ﬁgd( +4Sm 5 + ( 3)

22.2 Perturbation Theory

Consider a force of the form

F = —kx + dma?® (22.14)
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where ) is a small perturbation. We want an x(),t) that satisfies & + wizr — A\x? = 0. We say z(\,t) =
xo(t) + /\I1(f) + )\ng(t).

We get

T=dpg+AL1+ ... ( )

L=2Zo+AT1+... (22.16)

Fo + ME1 + wi (o + Az1) — Az + Az1)? =0 ( )

Fo +wizo + Ny + widzy — Axd — 20 %2021 — M2l =0 ( )

We split this up and eventually get

A2
x(t) = Acoswyt — 62 (cos(2wpt) — 3) (22.19)
wo

22.3 Fluid Turbulence

To first order, the eigenvalues of a fluid mechanical system can be approximated by a system of oscillators,
but this does not take into account the different length scales of fluid motion. We can plot power against

k, the spatial frequency, and use the fact that the energy transfer ratio is constant in the inertial regime to

define € = %. Based on further conservation laws, we get wi; = ws + w3 and El = Eg + Eg.
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Consider a transformed Hamiltonian H = ’H—|— . Then we define momenta p; = 2£ and P; = _W Let F
be the generatlng functlon for this transformation For example, say S = ¢P is the generatmg function. Then
p= —q =P and Q = 3 P = ¢. This is the identity transformation. Perturb this to create an infinitesimal
transformation,

S =qP + eG(q, P,t) (23.1)
aS

H=H+— 23.2

+ 5 (23.2)

Then the momenta are

08

_9v 23.
P= 9 (23.3)
oS
= 23.4
Q=147 (23.4)
We want to find P(e) = P(0) + ¢ %—ELZO and Q(e) = Q(0) + ¢ %—Q B
as GG
=P+ 23.
P= 3 B¢ (23.5)
dp dP oG d oG
— — 4e— | — 23.6
de ™ de Tog T (aq> (23.6)
At € = 0, this gives us
dpP oG
il - __— 23.7
de | _, 0q (23.7)
This suggests that we let our generating function G(g,p,t) be the Hamiltonian. Then we get
OH
Prxp—ec— 23.8
NPy (23.8)
OH
g+ e— 23.9
Q~q 9 (23.9)

This ends up propagating the system through time:



Lecture 23: 2 May 96

Pep+ep=p+ %dt = p(t + dt) (23.10)

d
qu+ec}%q+d—(jdt%q(t+dt) (23.11)

Consider a function u(Q, P,t) under infinitesimal canonical transformations.

du

ou 0Q  Ou OP
au (T TR 23.12
de |, <6Q o " op ae>6_0 (23.12)
Therefore, for a first-order Taylor expansion of u, we get
oudG  OudG
t) = t — 23.13
ult) = a.pt) + (G 5E - SLOT) (2.1

The bracketed term is called the Poisson bracket [u, G]. We get this by replacing ¢ and p in the chain rule

expansion of %1; by derivatives of the Hamiltonian, using Hamilton’s equations of motion. In a simplified
form, we get
du ou
— =[u,H + — 23.14
W )+ 2 (23.14)
Poisson brackets have the properties that [u, v] = —[v,u], that [u,u] = 0, and that [u, ¢] = 0 for any constant
c. Poisson brackets are linear:
[(ug 4+ u2),v] = [ug, v] + [us, v] (23.15)
[urug, v] = uifug, v] + [u1, v]ug (23.16)
There is also the Jacobi identity on Poisson brackets:
[w, [v, w]] + [v, [w, u]] + [w, [u,v]] =0 (23.17)
We can use Poisson brackets to show that something is a conserved quantity: if ‘Cll—’t‘ = [u, H] = 0 for some

quantity u, then u is conserved over time. Suppose there are two such conserved quantities u,v. Then

%([u, v]) = [[u, v], H] = —[[v, H], u] = [[H,u],v] = 0 (23.18)

so [u,v] is another conserved quantity!



